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BULLETIN OF THE 


AMERICAN MATHEMATICAL SOCIETY 


SOME INSTRUCTIVE EXAMPLES IN THE 
CALCULUS OF VARIATIONS. 


BY PROFESSOR OSKAR BOLZA. 
(Read before the American Mathematical Society, September 2, 1902.) 


In the following note I propose to give some examples which 
illustrate in a simple manner several points of fundamental im- 
portance in the calculus of variations. 


§1. The General Problem and its Assumptions. 
We consider the problem * to minimize the integral 


I= Fen (1) 


under the following assumptions : 

1. The function F(x, y, z) considered as a function of the 
three independent variables x, y, z is real and regular ¢ in the 
vicinity of every finite real point x = a, y = b, z =c for which 
x= a, y = 6 lies in a given region F of the xy-plane. 

2. The functions y = f(x) admitted to consideration satisfy 
the following conditions : 

(a) For the given end values x = x,, 7 = x,, y takes the given 
values y= y, and y= y, respectively, i. ¢., the “curves” 
y= f(x) pass through two given points A: (x,, y,) and B: 
y,) 3 


* Compare for the formulation of the problem Osgood’s article ‘‘ Sufficient 
conditions in the calculus of variations,’’ Annals of Math., 2nd ser., vol. 2 
(1901), p. 105. We deviate, however, in several points from Osgood’s as- 
sumptions. 

ti. e. developable into an ordinary power series in x —a, y— b, z—e. 


. 
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(6) y is continuous on the whole interval (x,x,), and the first 
derivative y’ exists and is continuous on (x,7,) with the possi- 
ble exception of a finite number of points; in these exceptional 
points the progressive and regressive derivatives exist and are 
finite ; 

(c) The “curves” y = f(z) lie, for x, =x Sz, in the interior 
of the region RP. 

The totality of functions (curves) satisfying these conditions 
will be denoted by MM. 

A function y = f (x) of M is said to minimize the integral 
I if there exists a positive quantity ¢ such that the total varia- 
tion 


Al= [Fe dx — [Few y')dx 


is positive for every function y = f(x) of M, different from y, 
for which 
|Ay|<¢ 
where 
Ay=y-—y- 


It is well known that the following conditions are necessary 


for a minimum : 
1. The minimizing function y = f(x) must be an extremal, 
i. e., satisfy Huler’s differential equation : * 


d 


F,—5, F,=9, (I) 


literal subscripts denoting partial derivatives. 
2. Legendre’s condition : 


Fyy (25 om (zn). (qt) 


3. Jacobi’s condition : t 
=%, (IIT) 


where x, denotes the “conjugate” of x,, x, being supposed less 
than 2,. 


*See for instance Whittemore, Annals of Math., 2nd ser., vol. 2 (1901), 
p. 


130. 
+See Erdmann, S hlémilch’s Zeitschrift, vol. 23 (1878), p. 367. 


| | 
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4. Weierstrass’s condition : * 


E(x, P) I 


on (x,v,) and for every finite value of p, the function 
E(x, y, y's p) 


being defined by 
E(x, y, y',p) = F(x, sp) —F(x,y,7’') 


Since by Taylor’s theorem 


(2) 


E (p—y'f F 3 
= 2 + (p—y)) (3) 
where 0<6<1, it follows that (IV) is always satisfied 
whenever 

F(x, p)=0 


on (x,x,) for every finite value of p. 
By (II,’), (IIT), (IV'), we denote the inequalites (II), 
(II,), (111), (IV) after the suppression of the equality sign. 


§2. Example Illustrating the Necessity of Weierstrass’s 
Condition. 

After Jacobi had discovered condition (III), it was generally 
believed that conditions (I), (II'), (III’) were also sufficient for a 
minimum, until Weierstrass proved in 1879 their insufficiency 
and added his fourth necessary condition. 


The following example illustrates this point : 
Example I: To minimize the integral 


T= (4) 


* Weierstrass, Lectures, 1879 ; compare also Osgood, J. ¢., p. 118, and 


Hilbert, Archiv fiir Mathematik (3), vol. i (1901), p. 231. The expansion 
of E aceetding to powers of p—y’ shows that the quotient E (z, y, 9’, p) 
| (» —y’)? remains regular even when p=’. 
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Here the extremals are straight lines ; let 

C: y=me+n 

be the extremal through the two given points A: (x,, y,) and 
B: (x 

Further, we have 

Fy, = 2(6y" + 6y' + 1). 
F,,(2, S (x), £ ‘(z)) = 2(6m? + 6m + 1). 


The roots of the equation 


Hence 


6m? + 6m+1=0 
m, = = — 0.2118... 
m, = 1 —1/)/3) = — 0.7887 


Hence, if we suppose the two given points A and B so situated 
that 
either m>m, or m<my, 


condition (II’) will be satisfied. 

Further, condition (III’) is always satisfied; for since the 
extremals through the point A are straight lines, it follows 
that there exists no conjugate point on ©, however far we may 


go. 
Finally 
S'(x)s 
(p—s'(@))’ 


it is positive for every p when m(m+1)> 0; it can change 
sign when m(m + 1) < 0. 

Accordingly we have to distinguish the following three cases : 

Case I: —Ll<m<0. 

In this case the line AB does not minimize the integral I. 
This can be seen at once as follows: However small we may 
select a positive quantity «, we can always draw in the “ neigh- 


borhood (e)” * of AB a broken line € joining A and B and 


=p 


* Compare, for the definition of neighborhood, Osgood, /. ¢., p. 106. 
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made up of segments having alternately the slope 0 and — 1. 
For such a broken line the integral J is evidently equal to 


Fig. 1. 


zero, the integrand being zero between the limits of integration, 
whereas for the line AB the integral J has the positive value 


= mi(m + (x, — %). 


Case IT: m=0 orm=—1. 

In this case the line AB minimizes the integral I; for it 
furnishes the value = 0 whereas every other curve joining 
A and B and representable in the form y = f(x) furnishes a 
positive value. 

Case IIT: m>090 orm < —1. 

In this case the line AB minimizes the integral I. For the 
set of straight lines parallel to AB constitutes a “field of ex- 
tremals” about AB, hence by Weierstrass’s * theorem we have 
for every curve © not coinciding with AB, joining A and B 
and satisfying the conditions of § 1, 


A T= yy’, dex, (5) 


where x, y is a point of ©; 7 the slope of © at x, y; y/ the 
slope at x, y of the extremal of the field passing through 2, y, 
i. €., y' =m; therefore 

Ele, 7) = —m) + + Bn? + 4m + 1), 


* Compare Osgood, 1. c., p. 118; also Hilbert, Archiv fiir Mathematik (3) 
vol. 1 (1901), p. 231. 
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6 EXAMPLES IN THE CALCULUS OF VARIATIONS. [Oct., 
which is positive except where 7/=m. Hence it follows that 
A I>0. 


Our example illustrates in this case another point, viz., that 
condition (IT,) is not necessary for a minimum. Indeed 


F,,,,(a, f(x), p) = 2(6p? + 6p + 1), 
which may take negative as well as positive values. 


§3. Relation between a Problem in Parameter Representa- 
tion and the Corresponding Problem with x as Independent 
Variable. 


When one has become acquainted with Weierstrass’s treat- 
ment of the simplest type of problems of the calculus of varia- 
tions (viz., in parameter representation) one is inclined to re- 
gard the older method — in which x is taken as the independent 
variable —as antiquated and imperfect as compared with Weier- 
strass’s method; unjustly however, for the two methods deal 
with two clearly distinct questions and which of the two 
deserves the preference depends upon the nature of the special 
problem under consideration. 


When it is proposed to minimize the integral 


dx dy 
I= Ys a dt, (6) 


F (x, y, ky')=k F(x, y, x’, y') (7) 
for every positive k, we consider a certain well-defined manifold- 
ness of curves 

x= G(t), y= v(t), 


out of which we have to select those curves which minimize the 
integral J. 

If we consider, instead of J, another manifoldness M of 
curves, we obtain an entirely different problem. 

Let now WM be, in particular, the totality of those curves of 
® which are representable in the form 


y¥ =f (2), 


: where 
) 
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J (x) being a single valued function of x. Then the new prob- 
lem may be formulated thus: Among all curves (functions) 
y =f (x) of the totality I to find those which minimize the 


integral 
dy 


We distinguish the two problems as “the problem (7’)” and 
“the problem (X).” Since M is contained in JQ, it follows 
that every sclution of (7) which is representable in the form 
y =f (x) is a fortiori also a solution of (X); but (71) may 
have solutions which are not representable in this form and 
which accordingly are not solutions of (X). 


Fic. 2. 


A well-known example of this kind is the so-called “ discon- 
tinuous solution” of the problem of the minimum surface of 
revolution,* which consists of two perpendiculars AC and DB 
to the axis of revolution (the x-axis) and the segment CD of 
the latter. The broken line 4 CDB is under certain assump- 
tions concerning the positions of A and B a solution of the 
problem ( 7’), but not of the problem (X ), because the segments 
AC and BD are not representable in the form y = f (x). 

On the other hand, the problem (X) may have solutions 
which are not at the same time solutions of (7’). 

An example of this kind is furnished by the problem of § 2, 
ease III. In this case the line AB furnishes, as we have seen, 
a smaller value for the integral 


*See Kneser, Lehrbuch der Variati nung, p. 179. 


4 
2 
B 
A 
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2 
I= ) dx, 
Zo 


than any other curve joining A and B, and representable in 
the form y=f (zx). But if we pass to the corresponding prob- 
lem (7') and admit also curves which are not representable in 
this form, we can easily find neighboring curves which furnish 
still smaller values for the integral J than the line AB; for in- 


stance any broken line © joining A and B and made up of 


Fie. 3. 


segments having alternately the slope 0 and —1. For such a 
broken line the integral is zero, whereas it is positive for the 
line AB. Hence AB is a solution of (X ) but not of (7’). 


§4. Example Illustrating the Insufficiency of Weierstrass’s 
Condition in Case x is Taken as Independent Variable. 


Weierstrass discusses the problem to minimize the integral 
(6) under the assumption that F(a, y, x’, y’), considered as a 
function of its four arguments is regular in the vicinity of every 
point x =a, y=), x’ =a’, y’ =)’ for which a, 6 lies in a 
certain region of the xy-plane, while a’, b’ may have any sys- 
tem of values except a’ = 0, 6’ =0. Under this assumption 
he proves that the conditions corresponding to (I), (II’), (II, 
(IV’) are sufficient for a minimum. 


B 
j 
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Nevertheless, for a minimum of the integral (1) under the 
assumptions stated in §1, the conditions (I), (II’), (III'), 
and (IV’) are not sufficient, not even if (IV’) be replaced by 
the stronger condition (IT,).* 

This is shown by the following example : 

Example II.—To minimize the integral 


Ta — Abyy* + (9) 
a, b being two positive constants, with the initial conditions 
y=0forx=0 and y=0 forx=1. 
Here Euler’s equation reduces to 
—y'F, 0, (I) 
where = 2a — Abyy! + 


The only extremal through the two given points A: (0, 0) 
and B: (1,0) is the straight line 


Y= 0. 
Further 


Fyy(% fe)" = 2a> 0. (II’) 


The set of extremals through A is the pencil of straight lines 
through A ; hence there exists no conjugate point and condition 
(IIT’) is satisfied. 


E 83 64 72 


+ p(— 4by + 4bay’) + 2dxp’. 
Hence along © 


E(x, 


* This statement seems to contradict directly the theorem on sufficient 
conditions given on page 118 of Osgood’s article. The contradiction is, how- 
ever, only apparent since Osgood makes the further assumption—see page 108 
—that ‘* Fy,(2, y, p) does not vanish in R’’ from which it follows that if 
Fyy(z, y. p) is positive at all points of © for every value of p, it is also posi- 
tive at all points OF A CERTAIN NEIGHBORHOOD OF G, for every value of p. 


= a + 2bap?> 0. (IV’) 


# 
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The four conditions (I), (II’), (III’), (IV’) are therefore 
satisfied ; even the stronger condition 
F,, (2, (x), p) = 2a + 2dbap* > 0. (II;) 


Nevertheless the line © does not minimize the integral I. 
For if we replace the line AB by the broken line APB, the 


Fig. 4. 


coordinates of P being x= h>O and y=k, the total varia- 
tion of J is easily found to be 


AI= + (h) (10) 
where =0. 


Now let e> 0 be given as small as we please, then choose 
< and let h approach zero, keeping k fixed. Then since 
> 0 it follows that 
AIT<0 


for all sufficiently small values of h, which proves that the line 
AB does not minimize the integral J. 

The explanation of the fact that the four conditions in ques- 
tion are not sufficient in the one problem whereas the correspond- 
ing four conditions are sufficient in the other problem is as fol- 
lows: In Weierstrass’s problem no restriction is imposed upon 
the direction of the tangents of admissible curves, whereas in our 
problem the direction parallel to the y-axis, and no other direction, 
is excluded. In the former case the totality of admissible direc- 
tions is closed, in the latter it is not closed. 


UNIVERSITY OF CHICAGO, 
June 13, 1902. 
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ON THE SUFFICIENT CONDITIONS IN THE 
CALCULUS OF VARIATIONS. 


BY DR. E. B. HEDRICK. 
(Read before the American Mathematical Society, December 28, 1901.) 


THE sufficient conditions in the calculus of variations have 
recently received a great deal of attention ; * and it would seem 
fitting that attempts be made to simplify their discussion when- 
ever possible, and to render the agreement more exact between 
the known necessary and the known sufficient conditions. Such 
is the purpose of this paper, which also seeks to present the 
sufficient conditions in compact form. The work will toa large 
extent follow lectures delivered at Gottingen by Professor Hil- 
bert, 1899-1901. 


1. Hiveert’s Invariant INTEGRAL.| WEIERSTRASS’S 
SuFFIciENT CONDITION. 


Let us consider a simple definite line integral 


(1) I= f y, y' dx, 
where 


and where f is an analytic function of the three arguments 
x, y, y’, in a certain region #. Let us then restrict ourselves 
to the consideration of curves of integration contained in a 
realm B, consisting of curves of the type 


(2) y = 


* Du Bois-Reymond, Math. Annalen, 15; Kneser, Lehrbuch der Variations- 
rechnung, and many memoirs in Math. Annalen ; Osgood, Annals of Math., 
2d ser., vol. 2, no. 3, and Transactions Amer. Math. Soe., vol. 2, pp. 166, 
273; Whittemore, Annals of Math., 2d ser., vol. 2, no. 3; Bolza, Ithaca 
Colloquium (summer meeting, Amer. Math. Soc., Aug., 1901), unpublished, 
and Transactions Amer. Math. Soc., vol. 2, p. 422 ; Weierstrass, lectures at 
Berlin, 1879-1882, unpublished ; Hilbert, lectures at Gottingen, 1899-1901, 
unpublished, ete. 

Compare Osgood, Annals of Math., 1. c., where Hilbert’s proof ‘is given. 
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where (x) together with its first derivative is a single valued 
and continuoys function of x in the interval x, =x =z,, and 
where ¢(x,) and ¢(x,) have certain fixed values y, and y, re- 
spectively. If the value of the integral J taken along a curve 


(3) y= 


of the realm B be less than the value of J taken along any 
other curve of the realm B, 


(4) y = (2) = + 
where Y (x) is restricted by the same conditions as y and also by 
(5) <8, |n'(x)| <8, 2, 


5 being a positive con ‘tant chosen at pleasure, then the curve 
(3) is said to render the integral J a weak minimum, as com- 
pared to curves of the realm B. If in place of the conditions 
(5) we merely reqrire that 
(6) <8, 
then the curve (8) is said to render Ja strong minimum.* If 
in addition to the condition (5) [or (6)] we require that 

(i = 2, 3,---n, (n+ 1); 


(7) 


then we will say that the curve (3) renders J a limited weak 
[or strong] minimum.t 
It can be shown f that if the curve (3) is to render J a mini- 


mum (of any kind), y(x) must satisfy ge’s equation 
d (of\ of 


The solutions of this equation are called extremals. 
Let us now assume: § 


* For the above, cf. Osgood, Annals of Math., l. ¢., p. 106. 

+ This is what Hilbert calls ‘‘ ein Minimum bei stiickweiser Variation.”’ 

t See Whittemore, J. c., p. 130, where Hilbert’s proof is reproduced. 

§ Compare Osgood, Annals of Math., l. ¢c., p. 113; Transactions Amer. 
Math. Soc., l. ¢., p. 168. 
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(a) That an extremal C, 
(9) y = (2), 


ean be obtained, such that y, = y(x,) and y, = y(z,), i. ¢., such 
that C passes through the two fixed points P: (x, y,) and Q: 
y,) given in the problem. 

(6) That a one parameter family of extremals 


(10) y = 2) 

ean be obtained, where ¢ is an analytic* function of x and a. 
x, =x |a] and where 

(11) (x, 0) = y(z). 


That 
0) 


0, Sz, 


It then follows that through any point of a suitably chosen 
neighborhood WV about the curve C, one and only one extremal 
of the family (10) can be passed ; and that (10) can be solved 
for a in terms of x and y, 


(12) a= y), 


where (x, y) is a singly valued analytic function of x and y, 
in the neighborhood .V. Hence also 


y’ a) 


can be expressed as a singly valued analytic function of x and y, 


(18) y' = 
in the neighborhood LV. 
Hilbert now considers the integral 


(14) J= f “Lae, + (y' — ys p) 


taken along any curve C, y= F(x), joining P and Q, and 


* Since f bas been assumed analytic in z, y, y’, it follows that the coefti- 
cients in (8) are analytic, and hence that the solutions of (8) are analytic. 
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lying in the neighborhood NV, where y and y’ refer to the curve 
of integration and p denotes the above function p(x, y), and 
where f, means O//Op. It is then shown that this integral J is 
independent of the path of integration,* i. e., independent of 
V(x). It is seen at once that J,= I, where J, denotes the 
value of the integral J taken along the curve Cand soon. But 
Jz = J, since J is independent of the path. Hence the neces- 
sary and sufficient condition for a minimum, which is that 
Iz> becomes at once Iz > Jz, or (I — J)g> 9, or 


(15) nv. > 0, 
Z 
where C is any curve in WV other than C, and where 


(16) E(x, y, y's ys P) — P)- 
It follows that 
(17) Ez, p)=9, 


for all x, y near the curve C, for the function p found above, 
and for any y’ whatever, is a sufficient condition for a strong 
minimum,t where the sign of equality is to hold only along the 
extremals (10). And, moreover, the condition 


(18) E(x, y, y', p)=9, 


for all x, y, p on C and for all y’ whatever, is a necessary con- 
dition for a strong minimum.t For if, for simplicity, the 
family of extremals (10) be so taken as all to pass through 
P:: (2% y,), then a curve can be found which renders the integral 
less than C does, in case F < 0 at any point of C in any direc- 
tion y’+ p. For we need only take as the comparison curve 
desired an extremal other than C, together with a curve which 
cuts C’ at this point in the given direction. The integral { Hdzx 
taken along such a curve is certainly negative. 

Let us now consider a fixed point R:(x, y), on the curve C, 
and f(x, y, y’) as a function of y’ alone, for these fixed values 
of x and y. Let us then draw in a y/f-plane the curve 


* See Osgood, Annals of Math., 
t Provided, of course, that (b), (e) hold. 
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f=f(y). By (16) the inequality Z> 0 becomes 
(19) LO) s according as y/ — p=0. 


Let @ be the angle made by the axis of y' with the 

to the y/f-curve at the fixed point where y’=p. And let + be 
the angle between the y’ axis and the chord joining this fixed 
point to a variable point where y/=y'. Then, as is easily seen 
from a figure, 


Hence the inequality (19) becomes 
(20) tan yStan 6 accordingas 


But this is surely fulfilled (except, of ae pro- 
vided the y'f-curve is always concave upward, the f axis having 
been taken vertical, for the range of values of ’ considered. 

Hence the condition 


(21) 0, 


for all x, y on the curve C and for all y' considered, is a 
cient condition for a minimum.* For if (21) is satisfied, 
y'f-curve for or neart C, will be-con- 
cave upwards, for the values of y/ considered, 
(17) will be satisfied.t 

condition (21) is, however, bs, A 
necessary condition usually attributed to Legendre resembles it 


in form. This necessary condition requires that “7,2 0 forall 


“Weak or strong, according as the values of y’ are restricted, or not. 
Here, as elsewhere, the region 2 of page 11 must not be overstepped. In 
particular, the value 9’ = 

+ On account of the continuity of —, ayt iB HY. 


| 
| 
: 
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x, y on the curve C and for y’=p.* A proof of this theorem 
is given in the following section. 


2. LimMITED VARIATION. LEGENDRE’s CONDITION. 


If we now consider limited variation only, we have the 
following theorem: Lagrange’s, Legendre’s narrower,t and 
Weierstrass’s $ conditions are together sufficient for a 
limited strong minimum. 

We suppose first found a solution C’ of Lagrange’s equa- 
tion connecting the points P and Q. Around any point of C 
a region can so be bounded off that one and only one extremal 
exists joining the given point to any point of the region ; which 
follows at once from the Cauchy-Kowalewski existence theorems, 


since aA + 0 at such a point, from the narrower condition of 
c 


Legendre. If now we require that (x) =0 at least once in 
the interior of each of a set of regions such that the Cauchy- 
Kowalewski solutions starting from the one end point are 
unique up to the other end point, we surely have in each such 
region a satisfactory field for the Weierstrass-Hilbert theory. 
It follows that the Weierstrass-Hilbert reasoning can be applied, 
and hence, if the Weierstrass condition is satisfied, the curve C’ 
actually renders the integral J a limited strong minimum. 
Likewise it is clear that Lagrange’s, and Legendre’s nar- 
rower conditions alone are together sufficient for a limited 


weak minimum. For Legendre’s condition, Z| > 0 is satis- 
fied. But this insures § the fulfillment of Weierstrase’s sufficient 
of 


condition, by the end of Section 1, since by? is a continuous func- 


* For this condition we shall use the notation aL 0 ; and we shall call 


it, temporarily, Legendre’s broader condition ; later, Legendre’s necessary con- 


dition. The corresponding condition, ~AN > 0, where the sign of equality 
may not hold, weshall call, temporari ly, Legendre’s nurrower condition ; later, 


sufficient. It is readily seen that =a] ,> 0 is sufficient for a weak mini- 


mum, under conditions (a), (b), (¢). 
t See preceding footnote. § For weak variation, of course. 


t See condition (17) above. 


: 

| 

| 
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tion of x, y, y’. On account of this theorem we will henceforth 
call the condition a7 A |; > 0 Legendre’s sufficient condition. 


We will now proceed to show that Legendre’s broader condi- 
tion is necessary for any kind of a minimum whatever. We 


have seen that Legendre’s sufficient condition, 54] > 0 is, 


together with Lagrange’s condition, sufficient for a limited weak 
minimum. But that J have a minimum is equivalent to saying 


that — IThas a maximum. Hence =| < 0 is, together with 
Lagrange’s condition, a sufficient condition for a limited weak 
maximum. Given —) a solution of Lagrange’s equation, C, 


joining P and Q, if —. oy” Al < 0 at any point of C, then 


<5, < 0 for a whole interval, since ed is a continuous fune- 
oy’ Sc oy’ 


tion of x, y, y’, and C’ is a continuous curve whose tangent 
& 
varies continuously. But since au AY < 0 is a sufficient condi- 


tion for a limited weak maximum, it "follows that any limited 
weak variation in this interval gives us a curve for which J has 
a less value thanalong C. Jt follows that Legendre’s broader 


condition, a | = 0, is a necessary condition for a minimum 
Cc 


of any kind whatever ; since otherwise we have actually found 

a comparison curve C’ such that 7,, << J,, and this comparison 

curve occurs in any possible choice of realms of curves to be 

considered since it is a limited weak variation of C, the 

tangents to which can be made, if necessary, to turn continu- 

ously.* On account of this theorem we shall henceforth call 
ef 


the condition =| =0 Legendre’s necessary condition. 
Y Je 


It seems fitting at this point to call attention to the general 
usefulness of the idea of the limited variation, which has led 
us so easily to Legendre’s necessary condition. The question 


* Or even analytically, by the now well known method originally due to 
warz. 


, 
. 
es 
Se 
3 
= 


18 CONDITIONS IN THE CALCULUS OF VARIATIONS. [Oct., 


of geodetics in the surface theory, and many questions in 
mechanics, notably the Hamilton-Jacobi theory, require only 
the use of limited variation, and indeed it is peculiarly suited 
to the needs of these and other similar subjects. Its greater 
simplicity in statement and treatment commend it above methods . 
commonly employed, and its results are more easily obtained 
and grasped. For instance, in the surface theory, any geodetic 
line actually renders the integral of length on the surface a 
limited strong minimum along any portion of it which joins 
any two points upon it.* This statement brings into a clear 
light the essential characteristics of a geodetic as a “ shortest ” 
line, and its application to such special surfaces as the sphere 
and the anchor ring are particularly vivid. 


8. UNLIMITED VARIATION. PRODUCTION OF JacoBI’s Con- 
DITION FROM WEIERSTRASS’S CONDITION.+ 


Jacobi's condition was originally erroneously stated as a suf- 
ficient condition, and was shown by Weierstrass to be insufficient 
for strong minima. Thus far we have obtained Weierstrass’s 
condition (Section 1) as sufficient for a strong minimum under 
the necessary conditions (a), (5), (c) of Section 1. We now pro- 
pose to obtain Jacobi’s condition as a necessary condition for 
any (unlimited) mininum from consideration and elimination of 
these conditions (a), (6), (¢). We shall then show that Jacobi’s 
condition (together with Lagrange’s and Legendre’s) is a suf- 
ficient condition for weak minima, the Weierstrass condition 
being unnecessary. Thus the Jacobi condition precisely covers 
the introduction of the unlimited variation, for exactly analo- 
gous results have been obtained for limited variation (Section 
2) with its omission. 

We will suppose the Lagrange condition satisfied, since it is 
a first necessary condition for any discussion. Let the supposed 
solution C of our problem be the curve 


(1) 
joining P: (x,,y,) and Q: (2,,y,). The Lagrange equation 


* In this particular theorem, of course, no new fact is involved. 
tIn connection with this section, see Osgood, Transactions Amer. Math. 
Soc., l. c., p. 166. 


A < 
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has in general a two-parameter family of solutions 


(3) = Cys Cy) 
where ¢ is an analytic function of x, c,, c,, if, as supposed, / is 
analytic in x, y, 9’. 
Let us now suppose that c, and c, are so chosen that 
(4) $(2, 0,0) = y(2) 
so that for c, = 0,c,=90, our curve C results. Further let 
c, = ty, and c, = ty,. Then (3) becomes 
(5) ty» ty,)- 


Since ¢ is analytic in c, and c, we have, when y, and ¥, are re- 
garded as constant, 


y¥ = $(x, ty,, ty,) = P(x, t), say, 


0) 


which converges uniformly for sufficiently small values of ¢. 

Now, regarding y, and y, as constant, and (6) as our one- 
parameter family of solutions required by condition (6), Section 
1, let us set 


OP(x, d d 
If now we can solve (6) for ¢ as a single valued function of 
y and x, we can insert the value found in (7) and have p de- 
fined as a single valued function of y and =, i. e., of the posi- 
tion; and this will hold for sufficiently small values of ¢, since 
the series used are then uniformly convergent, i. e., it will hold 
for all points in a suitably chosen neighborhood of C. Such a 
solution will then satisfy the purposes of the Weierstrass-Hilbert 
theory. But for this (compare condition c, Section I) it is only 
necessary that 
() $,(x) + 9. 


A 
| 
f 
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dP(x, t) 
Cyy C,) AC, Cyy AC, 


™ dc, Nt hh + 


where 7,= 1, = 
If then we can so choose y, and y, that ¢(x) does not vanish 
between x, and x, the Weierstrass-Hilbert theory can be applied. 
And further, the possibility of such a choice is necessary for 
the existence of a minimum. For, consider the family of ex- 
tremals out of (3) which pass through (x,, y,) and suppose that 
y, and y, are so chosen that (6) represents this family.* If 
then ¢,(x) vanishes at any point R between x, and x, then the 
equations 


(10) 


y= = 0) 
are satisfied at this point, since 


t, 


Hence the envelope of the above family of extremals through 
(x, y,) cuts the curve C’ at any such point as R. 

‘Tf now this envelope be a single point, then compare the value 
I, with J; where C is any other extremal of the family. Since 
J is independent of the path and since J reduces to J for all 
extremals, it follows that C’ does not render J a proper (un- 
limited) minimum of any sort whatever, between P and F or 


*It can be shown from the considerations at the end of this Section, that 
this is the best possible choice. 


3 
| y= Pz, t), 
4 
; 
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between P and any point beyond #. For J,]% = J;]% and 
C is an analytic weak variation of C. 

If on the other hand the envelope is a curve, then compare 
I,j% with I,]%’ + I,]%, where C is any other extremal of the 
family, / the envelope, and R’ the point where C meets E. 
Since the envelope is tangent at every point to an extremal of 
the family, it follows, as before, that J,= J, and hence 

= + Hence C does not render J a proper * 
(unlimited) minimum between P and # nor between P and any 
point beyond 

It follows that if we can so choose y, and y, that 


$,(x) + 0, 


the Weierstrass-Hilbert theory can be applied ; and further 
the possibility of such a choice is a necessary condition for the 
existence of an (unlimited) minimum of any sort. 

We know that 


must satisfy Lagrange’s equation 

re] 
(12) i= 


(18) 0 = = Liy(2) + + 26,2) + 


x 


for all sufficiently small values of ¢. Hence the coefficient of ¢ 
must vanish separately, 


(4) (Lye) + (0) + #60) 


2, 
But L/(£) involves Hence we have 


* It can indeed be shown that C does not even render J an improper mini- 
mum, for the envelope cannot be an extremal. It is to be noticed that all 
the above work holds even when the extremals cut the envelope. 


| 
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at 
a) 
dz? dex 
where 
Em + tbe) + + 
or 
1s) + FO + =0, 


an equation which must be satisfied by y = y(x). Using the 
definition of Z(y), we find by a simple calculation that ¢,(z), 
and hence both 7, and 7,, must satisfy the following linear 
differential equation of the second order : 


d d 
where 


w= = etc., 


as usual. But(17) is precisely Jacobi’s equation ; and Jacobi’s 
whole condition consisted in finding whether an integral of this 
equation 

= 1% + 


existed, which did not vanish between x, and x, Hence the 

above are precisely Jacobi’s conditions, except that the equality 

sign in our condition must be omitted in the usual discussion, 

and the corresponding case made a subject of further investi- 
tion. 

o The rest of the results announced at the beginning of the 

article now follow readily, and will be left to the reader. 


4. Summary oF CONDITIONS. 


Collecting our results, we may say that the following condi- 
tions hold : 


ze 
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Limited Variations. Unlimited Variations. 
i Weak. Strong. Weak. Strong. 
Lagrange’s, | Lagrange’s, | Lagrange’s, | Lagrange’s, 
Legendre’s Legendre’s Legendre’s Legendre’s 
necessary. necessary, || mecessary, necessary, 
Weierstrass’s | Jacobi’s. Jacobi’s, 
necessary. Weierstrass’s 
| necessary. 
Lagrange’s, | Lagrange’s, | Lagrange’s, ’s, 
Legendre’s | Legendre’s | Legendre’s Legendre’s 
sufficient. sufficient, || sufficient, sufficient, 
Weierstrass’s ,  Jacobi’s. Jacobi’s, 
sufficient. | Weierstrass’s 
sufficient. 


It is seen on glancing at the table that from the simple condi- 
tions (Lagrange’s and Legendre’s) for limited weak variation 
we proceed to any other case by adding Weierstrass’s conditions 
in the case of a strong minimum, and Jacobi’s in case of an un- 
limited minimum, only. It is to be hoped that advances may 
be made in bringing the necessary and sufficient conditions 
more closely together or into entire coincidence. The above 
table represents substantially the present known conditions, in 
the belief of the writer. 

In special problems the irksomeness of these conditions can 
sometimes be circumvented. For instance, given a problem in 


which A > 0 for all values of x, y, y', then the necessary and 


sufficient condition for a limited strong minimum is the possi- 
bility of finding a solution of Lagrange’s equation joining 
the two given end points. Such is the case in the geodetic 
problem and also in the integral which leads to Hamilton’s 
principle; and in each of these cases, fortunately, a limited 
strong minimum is all that is desired. Similar simplification 
occurs in every case when on 0 for all x,y, y'’. For then 


Legendre’s and Weierstrass’s conditions are always savisfied, 
and may be abstracted from the above table. For this reason 


Hilbert has called a problem in which AF sy for all x, y, y' 


contained in a singly connected region #, in which the given 
end points lie, a “ regular” problem of the calculus of variations. 
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5. Conciusion. ExisTeENCE THEOREM. 


A misunderstanding has sometimes arisen in regard to Hil- 
bert’s existence proof. Its purpose is not to establish further 
conditions nor to solve more general problems, but is to reassure 
us as to the possibility of satisfying the conditions already 
found, in the more favorable cases. We have seen that a 
necessary condition for any minimum was the possibility of 
finding a solution of Lagrange’s equation joining the two end 
points P and Q; and that this is a sufficient condition for a 
limited strong minimum, in a regular problem. That such a 
solution exists, even in the most favorable cases, is by no means 
certain from the ordinary theory of differential equations. It 
was the original purpose of Hilbert’s proof (merely) to show 
that, in this most favorable case of a regular problem, a curve 
must exist which renders our integral an unlimited strong 
minimum, compared with all continuous comparison curves ; and 
that the minimizing curve is composed of a finite number of 
pieces of extremals. Hilbert’s existence theorem may therefore 
‘properly be called a theorem in differential equations. 

At present the results cannot be said to demonstrate more 
than that a curve exists which renders the integral an improper 
minimum. This result cannot be extended in general, and it 
remains to show that Lagrange’s equation is necessary, not only 
for proper, but also for improper minima. 

In conclusion, the author desires to enter protest against the 
extreme complication recently introduced in some quarters into 
the essentially simple subject of the calculus of variations. In 
the case of the only modern text-book on the theory,* this con- 
dition is so exaggerated as to essentially mar the usefulness of 
the book, in that many who would otherwise interest themselves 
in the subject, are repelled by the style and treatment. It is 
to be sincerely regretted, in the opinion of the writer, that this 
tendency has been followed in some of the recent memoirs. 

YALE UNIVERSITY, 

June, 1902. 


* Kneser, Vari 
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SOME RECENT BOOKS ON MECHANICS.* 


Vorlesungen iiber technische Mechanik. Von Aucust Férpt. 
4 Bde., 8vo. Leipzig, B.G. Teubner. Bd.1: Hinfiihrung 
in die Mechanik, 2te Aufl., 1900, xiv + 422 pp.; Bd. 2: 
Graphische Statik, 1900, x + 452 pp.; Bd. 3: Festigheits- 
lehre, 2te Aufi., 1900, xviii + 512 pp.; Bd. 4: Dynamik, 
2te Aufl., 1901, xv + 506 pp. 

Einfiithrung in das Studium der theoretischen Physik, inbeson- 
dere in das der analytischen Mechanik, mit einer Einleitu 
in die Theorie der physikalischen Erkenntniss. Von Pp. 
Votxmann. Leipzig, B. G. Teubner, 1900. xvi + 370 pp. 

Quelques Réflexions sur la Mécanique, suivies d’une premiere 
Legon de Dynamique. Par EmiLe Picarp. Paris, Gauthier- 
Villars et Fils, 1902. 56 pp. 


From the standpoint of the teacher who has to face the 
problem of introducing students to the elements of mechanics 
both theoretical and practical, probably the most interesting and 
suggestive work which has appeared during the last few years, 
is that of Dr. August Foppl, professor at the school of technol- 
ogy (Technische Hochschule) at Munich. The books are 
especially noteworthy because Professor Foppl teaches those 
who are to be engineers — practical men —and yet at the same 
time insists on teaching in such a manner that his pupils shall 
acquire not the applications alone but a firm grasp of the general 
theoretica! principles which underlie those applications. This 
method of instruction unfortunately may not appeal to some in 
this country who care only for what our engineers can do and 
not at all for what they may know. But certainly it is much 
better to teach the thought and theory in addition to the routine 
and practice, or in conjunction with it. In fact, as Professor 
Foppl points out, the engineer can not be thoroughly master of 
his work and capable of handling whatever new difficulties may 
arise unless he knows the why as well as the how. 

What then is the sort of lectures that a thorough scientist 
finds feasible when addressing a class of engineering students 
at one of the leading German scientific schools? This question 


* Continued from the June number of the BULLETIN. 


26 RECENT BOOKS ON MECHANICS. [Oct., 


may be answered by looking into Professor Foppl’s four volumes 
—for happily the author has followed his lectures closely. That 
the work is found practical and acceptable in Germany is shown 
clearly by the demand for a second edition within about two 
years of the time of first publication. In this review we shall 
lay especial stress on the first and fourth volumes, which are less 
technical than the second and third and which consequently are 
more interesting to us here. 

The first volume, Introduction to Mechanics, discusses the 
elementary portions of the kinetics and statics of particles and 
rigid bodies with or without friction, of the theory of elasticity, 
and of hydromechanics. Throughout, the object of the author 
is to give his pupils a general knowledge of mechanical theory 
such that later the more advanced or special branches will be 
seen to fit on in their proper places. The language is natural 
and simple. The only mathematical prerequisite is a fair 
knowledge of differential and integral calculus. Every attempt 
is made to relieve the reader from difficulties of presentation in 
order that he may concentrate his undivided attention upon the 
new difficulties of the subject itself. 

There is one possible exception to this statement. The 
author throughout all four volumes uses vector analysis wher- 
ever it is appropriate. The notations are those which he has 
previously employed in his Einfiihrung in die Maxwell’sche 
Theorie der Electrizitit. The vectors are printed in heavy 
faced German type. If we may be permitted to change to 
English Clarendons, let a, b represent two vectors and e a 
vector of unit length normal to a and b upon that side of the 
ab-plane upon which rotation from a to b appears counterclock- 
wise. Then the scalar and vector products of @ and b are de- 
fined as 


ab = — Sab=a-b= [a|b] = ab cos (a, b), 
jab = Vab=ax b= [ab] = ab cos (a, b) e. 


(The notations are those of Foppl, Sir W. R. Hamilton, Gibbs, 
and Grassman in order.) Although the author had found in 
his own experience that vector methods were better suited to 
pedagogical purposes than cartesian analysis, he had grave 
fears at first lest the public at large, especially in Germany, 
should disagree with him and dislike his method. Yet he went 
boldly ahead and published it. The result was a little surpris- 
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ing to him. Those who used the volumes were pleased, and 
even the reviewers could not make objections without adding 
the qualifying statement that: “The presentation of the chief 
general theorems of mechanics in terms of vectors possesses a 
simplicity and intelligibility which could not be obtained by the 
old method of cartesian coordinates.” The great popularity of 
Professor Foppl’s work seems to bear out this judgment and to 
indicate further that the use of vectors certainly does not in- 
crease the difficulty of learning mechanics. 

What style shall be adopted in presenting elementary me- 
chanics is one of the most difficult questions an author or a 
teacher must meet. The students’ previous training in algebra, 
trigonometry, analytic geometry, and calculus as it is generally 
taught has been necessarily quite formal. These mighty 

rithms of formal mathematics must be learned so that they 
may be applied with readiness and precision. But with me- 
chanics comes the application of these algorithms and formal 
do-by-rote methods, though often possible, yield no results of 
permanent value. How to elicit and cultivate thought is now 
of primary importance. There are two opposite methods. 
First. Give the student a syllabus of the subject in which the 
general theory, the bare facts, are presented with as little dis- 
cussion as possible. The student must then supply his own 
discussion, his own details. He must think the subject over 
until he sees its meaning. If he has patience, ability, and a 
little guidance the result is good. Otherwise he gets little or 
nothing. Second. Enter into a discussion of the subject, 
touch on this side and on that, show what is known and what is 
not, point out where definitions are needed, where experiment 
must be appealed to, and thus by merely dwelling on the dif- 
ferent aspects of the subject allow the true significance of it all 
to become apparent to the student. This method is often very 
successful in introducing new ideas such as mass, time, and 
force. It is practically taking them as innate ideas after talk- 
ing long enough to insure that this innateness has been recog- 
nized. But it also has its disadvantages. For unless it is well 
handled the student is apt to be bewildered by the lack of defi- 
niteness, and to lose faith in his ability to work accurately. It 
may be remembered that we spoke favorably of Professor Gray’s 
Treatise on Physics in that he struck a mean between these two 
methods. 

Professor Foppl, writing for a totally different class of readers, 
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makes an uncommonly successful use of the second—the dis- 
cursive method. The discussion is half historical, half scientific, 
such as is found much more elaborately worked out in Professor 
E. von Mach’s Science of Mechanics, and is sure to appeal to 
one who commences mechanics with his common sense alert. 
The introduction to Volume I, a short essay on the origin and aim 
of mechanics, is excellent diet for future engineers and physicists. 
The author points out what is meant by experience —true, use- 
ful experience—and shows how the fact that geometry was 
given a definitive, logical form as long ago as the time of 
Euclid may be interpreted not as proving that geometry is not 
ultimately founded on experience, but rather as indicating 
how long the experimental stage antedated Euclid. To give 
mechanics a definitive form is now possible, as the work of Hertz 
and others shows. Some say that this straightforward logical 
method of presentation is the simplest. That depends on what 
is meant by simple. From the standpoint of the learner the 
historical crude method appears easier than the logical. Here 
Professor Foppl touches either rightly or wrongly on a great 
pedagogical principle. Perhaps it is interesting and not unsug- 
gestive to note that while teachers and authors in our univer- 
sities are trying to give calculus a logical rigor and mechanics 
a definitive set of axioms, there is in the meantime a great 
commotion among teachers of elementary geometry as to whether 
this logical definitive method of Euclid is at all suitable for 
beginrers. Some scientists of note, Professor John Perry and 
Mr. Oliver Heaviside, for example, have taken part in the dis- 
cussion and placed themselves emphatically upon the negative. 
As far as mechanies is concerned Professor Foppl seems to agree 
with them. 

After the introduction, twelve pages of the text are devoted 
te general discussion of the ideas involved in particle, inertia, 
and foree. The author does not define; he prefers to discuss. 
His treatment of a particle is particularly noteworthy. On 
page 17 we read: “The bodies or parts of bodies which we 
shall regard as particles may be reasonably small, but must not 
be very (i. ¢., unlimitedly) small.” The earth is a particle for 
many problems; a molecule for few. Setting a lower limit for the 
size of a particle in dynamics is usually forgotten; yet, sooner 
or later, it is of the greatest importance if students of atomic 
theories are not to be confused. A particle must generally be 
regarded either as composed of a large number of molecules or 
as a small part of an atom. 
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We might point out further that the common definition of 

density at a point as 

dm 
D= 

is quite meaningless even in the case of a so-called homogeneous 
body unless we make an assumption which is never physically 
correct and which need never be made, namely that mass is a 
continuous, not to say differentiable function of position. Might 
it not be better to tell the student, especially one who is to be a 
physicist, that density and a large number of physical quantities 
are averages — averages which are taken over a region so large 
in comparison to the phenomenon averaged that the result is 
sufficiently stable to be considered as a definite number for 
practical purposes, but over a region so small with respect to 
the total region in which the phenomenon exists that the 
methods of the differential caleulus may be employed in express- 
ing and handling the average? Whether it is better to make 
physical hypotheses which are ultimately untenable in order that 
in the meantime mathematics may be applied with absolute rigor 
or to state that the methods of pure mathematics, though strictly 
not applicable, yield results which within negligible errors 
agree with the phenomena observed or observable? Pro- 
fessor Foppl seems to believe that discussion made in the 
right spirit is, all things considered, more satisfactory to prac- 
tical men than precise definitions made on impossible physical 
hypotheses. 

The law of inertia is explained and illustrated by Foucault’s 
pendulum experiment. The illustration is subtle but striking. 
The fact that the pendulum will beat on in its own absolute 
plane regardless of the earth is particularly impressive and quite 
intelligible to students. Force is then discussed qualitatively ; 
but it is only after the treatment of the motion of freely falling 
bodies that quantitative definitions of force and mass are given. 
Experiment is called upon to establish the fact that the accelera- 
tion g, due to gravity, is constant at a particular point in the 
surface of the earth. The force which the earth exerts on a 
body is called the weight of that body. Weights may be com- 
pared and a unit adopted. Mass may be introduced by means 
of the equation 


d*x 
W = mg = mF. 
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Finally by making the assumption that any force is essentially 
like the force due to gravity in that it may be expressed numer- 
ically in terms of weight units the author arrives simulta- 
neously at a measure of force in general and at the fundamental 
dynamical equation for motion in one dimension—that is, the 
expression 


d*x 


F= ma= 


Thus far only rectilinear motion has been treated. The 
author now proceeds to motion in two or three dimensions, to 
the parallelogram law, and the principle of the superposition of 
different motions. The discussion accorded to centrifugal force 
is perhaps unnecessarily long and is concerned mainly with 
showing how that force should be regarded as the equal and op- 
posite reaction to the centripetal force, not by any means as a 
fictive force. Work and energy are introduced and the funda- 
mental theorem that the work done is equal to the change in 
kinetic energy is proved. The author introduces the principle 
of virtual velocities and proves it from the parallelogram law. 
He states, however, that the inverse method of procedure is 
equally admissible. The principle of virtual velocities may be 
taken as the fundamental physical axiom instead of the paral- 
lelogram law which may then be proved from it. Finally a 
long treatment of moments and the solution of a number of 
problems complete the discussion of the dynamics of a particle 
—the first division of the first volume. 

The second division deals with the mechanics of rigid bodies. 
After elementary kinematical considerations, statics and the 
principle of virtual velocities are taken up. This part of the 
work has been regarded with great disfavor by some reviewers, 
notably by Dr. K. Heun in the first number of the Zeitschrift 
Siir Mathematik und Physik: for the current year. The state- 
ment which gives trouble is found on page 143: “ Let us give 
to a body an arbitr:.ry virtual displacement. This displacement 
can even be finite. It is, however, customary to apply the 
principle of virtual velocities in the case of a rigid body only to 
infinitesimal changes of position and we shall consequently 
derive it for such. The transference to a finite displacement 
offers no difficulty inasmuch as each finite displacement can be 
reduced to a sum of infinitesimal changes of position.” If by 
“ ean even be finite.”’ the author means can in all cases be finite, 
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as Dr. Heun seems to imagine, the statement is certainly in gross 
error; for it makes the principle of virtual velocities applicable 
only to cases of neutral equilibrium. But we see no reason for 
not interpreting the statement as meaning can in some cases be 
finite. In fact we are wont to use the principle of virtual 
velocities, as far as practical applications are concerned, 
mainly for finding the mechanical advantage and efficiency of 
machines. When a machine such as an inclined plane, a screw, 
or a pulley system is working at a constant rate the forces act- 
ing upon it must be in neutral equilibrium. We are inclined 
to believe that in a larger number of the problems in which 
virtual velocities are u.cful to the engineering student the 
forces must likewise be in neutral equilibrium. We might 
suggest that the author express himself a little more clearly on 
this point for the sake of those who seem to have misunderstood 
him. There are other points upon. which the author might 
easily be defended from his reviewers if necessity made a 
defense advisable. 

Before leaving the principle of virtual velocities we wish to 
ask whether the introduction of that subject into elementary 
mechanics is to be commended. Almost all English and some 
continental books practically ignore it. When it is not ignored 
the treatment given it is usually indefinite and unsatisfactory 
(Professor Foppl’s book forms no exception) owing to the fact 
that the necessary and sufficient conditions as to rigidity, con- 
straints, internal and frictional actions which must be satisfied 
in order that the principle be applicable are not clearly stated. 

The third division of the volume deals first with the statical, 
second with the dynamical properties of centers of gravity, and 
finally with the kinetic energy of a rigid body. From this point 
of departure the fourth division leads naturally through the un- 
dissipated transformation of energy to the fifth division which 
is a long and practical treatment of frictional or dissipative 
forces. Sliding, rolling, axial, and string or belt frictions are 
each discussed carefully with applications. 

In the sixth division the student is made acquainted with 
some of the fundamental ideas of elasticity and strength of 
materials which he will use in the third volume ; in the seventh, 
with the direct and oblique impact of a perfectly elastic or per- 
fectly inelastic sphere on another sphere or on a plane; in the 
eighth, with those qualitative and simpler quantitative facts of 
hydromechanics which are deducible without a great knowledge 
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of either mechanics or mathematics. It might have been better 
if Professor Foppl had included in the seventh division a dis- 
cussion of imperfectly elastic impact. There is plenty of room 
as the volume contains only about four hundred pages. 

The second volume, Graphical Statics, is about four hundred 
and fifty pages long and is divided into seven parts: composi- 
tion and resolution of forces acting at a point or in a plane, the 
funicular polygon, forces in space, trusses in a plane, trusses in 
space, elastic deformation of trusses and statically undetermined 
trusses, theory of arches. 

The inclination toward theoretical in addition to practical 
considerations is indicated in the treatment given to such sub- 
jects as the reciprocal relations between force-plans, the differ- 
ential equations of a funicular curve under a load anywise dis- 
tributed, the null system, the long analytic discussion of the 
theorem that a truss which contains only the necessary number 
of members and is stable must be statically determined and 
conversely is stable if it is statically determined for all possi- 
ble loads. We miss, however, both in this volume and in the 
next, the interesting theorem that under any given conditions 
the most economical truss is one which is statically determined. 
We also happily miss the elaborate plates which generally 
accompany a work on graphical statics and which add so enor- 
mously to the price. The figures Professor Foppl gives are 
simple, comparatively inexpensive, and incorporated in the text. 
The object ox: the author is to give the reader a usable figure 
and allow him to draw one more accurate if he desires. Stu- 
dents of theoretical mechanics would do well to learn as much 
graphics as is contained in this work. 

The third volume, Resistance or Strength of Materials, is 
also for the most part as instructive to those interested in theo- 
retical mechanics as to engineers: for the author has not filled 
his book with masses of detail and tables of constants, but has 
dealt with the deduction of those theoretical results which must 
be obtained before the tables are usable. The eleven divisions 
are entitled ; general investigations on stress, elastic deformation 
and specification of materials, bending of a straight bar, energy 
of deformation, bars with a curved line of center, bars on a 
yielding foundation, strength of plane plates supported along 
their contour, strength of vessels under external and internal 
pressures, torsional strength, buckling strength, and the elements 
of the mathematical theory of elasticity. The tendency of this 
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volume, like the others, to develop the theory of the subject 
would probably be distasteful, if not unintelligible, to our engi- 
neers in this country. 

Owing to the nature of the subject exact mathematical develop- 
ments, even when possible, would lead to expressions too compli- 
cated for use. Professor Foppl therefore introduces approxima- 
tions very freely, and in many cases discusses the maximum error 
due to these approximations. There is one case where we fear his 
assumptions may not be quite justifiable. In solving the problem 
of a torsion of a rectangular beam he assumes that the strain is 
expressible by the first three terms of a power series. He 
omits, however, to test his results by means of the stress equa- 
tions. The complete solution is due to St. Venant and is ex- 
panded into a series of transcendental terms. The last division 
gives a satisfactory and not very difficult introduction to the 
general mathematical theory of elastic isotropic bodies. This 
is practically the only elaborate addition to the lectures actually 
delivered by the author to his students. Even this would be 
given in the regular course, he states, were it not for sheer lack 
of time! 

With the fourth volume, Dynamics, the author returns to 
more purely theoretical discussions. In fact, the first and fourth 
volumes, with the last division of the third, form a complete 
treatise on the elements of mechanics of a particle, a rigid body 
or a system of rigid bodies, of fluids, whether perfect or not, 
and of elastic bodies. The titles of the five divisions of this 
last volume are: dynamics of a particle, dynamics of a rigid 
body and a swarm of particles, relative motion, dynamics of 
systems of bodies (Lagrange’s equations, etc.). hydrodynamics. 
The discussion is mainly a completion and extension of that in 
the first volume. 

In the first division, central motion, potential, and harmonic 
vibrations are treated. The fact that the author does not over- 
look forced vibrations is noteworthy. Electrical developments 
of the last fifteen years have caused forced vibrations to grow 
constantly more and more important. Yet in few, even of the 
recent text-books, is any mention made of the subject. The 
treatment of the conservation of moment of momentum in the 
second division is enlivened by such interesting examples as the 
fall of a cat, the shrinkage of the earth, the ability to accelerate 
one’s motion while swinging, and the effect on the motion of a 
ship due to the rotation of the machinery. The motion of a 
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top, impulses applied to a rigid body, and the theory of oscilla- 
tions are some of the other subjects treated. The third division 
offers two proofs of Coriolis’s theorem, and discusses some ap- 
plications of relative motion. 

In the fourth division that too great carelessness in stating 
restrictions, which was mentioned earlier in connection with the 
presentation accorded to the principle of virtual velocities in the 
first volume, obscures and mars the development of Lagrange’s 
equation and Hamilton’s principle. The method in which gen- 
eralized forces are introduced is hardly the best, hardly convine- 
ing. A discussion of mechanical similarity and its applications 
closes the division. The treatment of hydrodynamics, like that 
of the mathematical theory of elasticity, is a valuable introduc- 
tion to the subject. Perhaps they both are more nearly ab- 
stracts than introductions. For this includes, in addition to 
Euler’s equations, the motion of a sphere through a perfect 
fluid, Helmholtz’s theorem, the equations of a viscous fluid, and 
that contains not merely the fundamental equations, but also 
to a considerable extent the theories of Boussinesq, Hertz and 
St. Venant. 

-In conclusion let us state that the value of each volume is 
materially enhanced by the summary which concludes it and 
contains a list of the principal formule. The third volume 
has already been published by Gauthier-Villars in a French 
translation. We could wish that the entire work might be 
translated into English with the hope that it might stimulate 
our teachers and students of engineering to be more thorough 
and complete in their theoretical considerations. But it is 
doubtful whether the venture would prove much of a financial 
success. Engineers would think the work insufficiently practi- 
eal. Physicists would think it too practical. In differing with 
the former we should call attention to that suggestive little book 
“Made in Germany,” which was published not long since in 
England for the purpose of setting forth the reasons why Ger- 
many was coming so rapidly to the front in all lines of practical 
endeavor. One of the chief reasons given was the German’s 
thoroughness and determination to know his field from begin- 
ning toend. In differing from the physicists we should point 
out that in those two volumes—the second and third — which 
they would probably scorn most, the name of Maxwell appears 
frequently. The presence of that name might aid in convine- 
ing students of theoretical and practical physics that they could 
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doubtless find quite as much profit in becoming acquainted with 
the contents of these volumes as in examining the more abstruse 
and unpractical parts of their science. 


Professor Volkmann’s Introduction to Theoretical Physics is 
a protest against the tendency toward the more or less artificial 
presentations given to mechanics by Kirchhoff, Hertz, and even 
Boltzmann. It is an attempt to show how by harking back to 
Newton and the English method of treating mechanics a greater 
clearness, a no less deep insight, and with sufficient care a no 
less scientifically accurate presentation may be obtained. The 
whole work is such a curious medley of history, philosophy-of 
scientific method, foundations of mechanics, theoretical mechan- 
ics, and applications that we are at a loss to know for what sort 
of readers it can be intended. For those who already do know 
the subject the applications are not necessary ; for those who do 
not, the philosophy is confusing. The author’s explanation to 
his readers that ** You have already busied yourselves to a cer- 
tain extent with physics and mechanics and thereby commence 
these lectures with certain ideas and expectations which may be 
just as much of a help and value as of a hindrance and harm 
to you,” seems on the whole to be of little use in trying to de- 
cide who his readers may be. We fear Professor Volkmann has 
fallen into an altogether too common German habit of writing 
to please himself. 

The first division of the book is an introduction to the theory 
of physical knowledge and methods of physical thought. There 
are forty-four pages of octavo text with numerous footnotes re- 
ferring to Newton, Kant, Lotze, Thomson and Tait, Helmholtz, 
and especially Volkmann. Then follows a bibliography of 
twenty-six titles of which ten are to previous articles by the 
author. To criticise the author’s theory which is itself presented 
in compact form would take too much space. The theory is 
interesting to read; but how valuable it may be to either a 
theoretical or practical physicist is not clear. 

The second division, about seventy pages, systematically lays 
the foundations for mechanics according to Galileo and Newton 
and works out the application to the case of a particle. The 
author postulates a conception of time, mass, and a universal 
ether which is td act as a fundamental system of reference. 
Just ‘what these conceptions are we are unable to determine ; 
but the necessity of postulating them apparently becomes evi- 
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dent after reading the author’s discussion, if indeed it were not 
evident before. Next, the ideas of inertia, vector velocity, vector 
accelerations, and physical dimensions are introduced and 
applied to the motion of a projectile in vacuo. 

As a foundation for kinetics, Newton’s laws are stated and 
discussed critically. The analytic statement of the laws and the 
development of the dynamics of a free or constrained particle 
complete this division of the book. We are unabie to ascertain 
precisely what a particle (Massenpunkt) is. The term does not 
appear in the index and a definition seems lacking in the text. 
Fortunately, however, we are told in due season that the postu- 
lates of space, time, and mass are: There is a space of entirely 
determinate geometric characteristics in which reality transpires 
—the euclidean space. There is a time which flows on uni- 
formly and is independent of all phenomena. There is a quan- 
tity—the mass—which preserves its identity unchanged through 
all changes of phenomena. The word phenomenon has been used 
in its etymological meaning as a translation for Erscheinung. 

The third division develops the mechanics of a system of 
particles whether the distribution be discontinuous or continu- 
ous. Especial attention is given to the general theorems of 
motion of the center of gravity, rate of change of moment of 
momentum, and energy. The student ought to be able to geta 
firm grasp on these fundamental principles and be ready to 
understand their application to those various vibrating physical 
instruments which are discussed theoretically in the fourth 
division. 

In the fifth division, after twenty pages of preliminary re- 
marks on fluids and how to treat them, the author settles down 
to hydrostatics first in its usual aspect of phenomena on the in- 
terior of a fluid and then in that part of the subject which takes 
into account the effects of surfaces of discontinuity and is more 
often known as the theory of capillary action. The sixth divi- 
sion contains such questions introductory to geophysics as the 
attraction of spheres, the relation of gravitation and weight, 
methods of determining the gravitation constant G' and the den- 
sity of the earth. 

The discussion of the general principles of mechanics forms 
the seventh and last division of the work. The author had 
here an opportunity to collate and compare the various general 
principles—those of D’Alembert, Lagrange, Gauss, Maupertuis, 
and Hamilton. This opportunity he accepted. The result can 
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hardly be considered any material improvement over other treat- 
ments whether in definiteness or completeness. The volume 
ends with an index which is an absolute necessity for a book of 
such varied propensities. 

If we have given an intelligible account of the contents of 
Professor Volkmann’s work we shall feel satisfied. To review 
it connectedly is next to impossible. We had hoped that we 
might find in it a careful, precise, intelligible and connected treat- 
ment of theoretical physics or analytic mechanics. The pre- 
cision and connection, at least, are for the most part lacking. 
This very lack, héwever, furnishes to those who are acquainted 
with mechanics, a stimulus to thought and thus the book may 
become more interesting and suggestive than one less indefinite 
—which is about as much as we can say for it. 


Professor Picard’s little volume consists of two parts—an 
essay on Mechanics and the Science of Energy and a First 
Lesson in Dynamics. The former is merely an extract from 
the general report on science which the author wrote in connec- 
tion with the Exposition in 1900. The latter was delivered in 
1894 and has hitherto been accessible only in periodicals. That 
they are now printed together ought to be a cause for congratu- 
lation among students and teachers of mechanics. 

The first noticeable feature of the work is the perfect, the 
transcendent clearness of the style. ‘It is unnecessary to in- 
quire for whom the book was written. Any one can read it 
with ease, pleasure and profit. 

The author shows how the idea held at the end of the eight- 
eenth century that mechanics had attained a definite form has 
proved illusory, and how modern scientists, especially Hertz, 
have been able to reduce mechanics to a more logical set of 
axioms and a more entirely deductive form. Yet clearly behind 
a great admiration for Hertz and his work there stands out the 
evident feeling on the part of the author that something more 
practical, more anthropomorphic is quite as convenient and 
valuable. 

There is one point which seems a trifle misleading. Upon 
page 14 we find the statement that dynamics of a particle will 
probably not become obsolete for the reason that atomic hypoth- 
eses play and will perhaps always play a preponderating role 
in science. The reason is not convincing. When an atom is 
treated as a definite object, it is not necessarily and not usually 
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regarded as a particle. It is either a rigid or a fluid body. A 
particle, as was pointed out above on page 28 of this review, 
may be a large aggregate of atoms or a small part of an atom, 
but not often the atom itself. 

In his discussion of what is meant by the possibility of a 
mechanical explanation of all natural phenomena, Professor 
Picard points out that some mean the possibility of reducing 
the phenomena to one type of differential equations or another ; 
some, the existence of a universally applicable principle like that 
of least action; and some, the construction of a dynamical model, 
as an example of which Kelvin’s model of the ether may be 
mentioned. 

The chapter on the science of energy states the different 
points of view of two classes of scientists, of which one believes 
energy to be nothing else that an abstract conception without 
real existence and of which the other believes in the real exist- 
ence of different kinds of energy commutable into each other. 
Particular attention is given to the relation of known experi- 
mental results to the various laws of energy. Mention of the 
law of dissipation affords an opportunity to discuss whether or 
not that law is compatible with a mechanical explanation of the 
universe. 

Professor Picard’s first lesson in dynamics contains numerous 
departures from other introductory presentations of the subject. 
His particle is something small enough to be regarded without 
negligible error as a geometric point. This seems unnecessarily 
indefinite and yet unnecessarily definite. The important thing 
is that the motion does not differ appreciably from translation. 
Whether the particle may be regarded as a point has little to 
do with it. Inertia is presented in the Newtonian manner. 
Force is the name for any action which causes motion. 

With the introduction of the measure of force there appears 
the first novelty. The author commences with a field of force. 
In particular, a constant field of force is such that particles left 
to themselves at different points of the field describe congruent 
paths in the same manner. The acceleration in a constant field 
is constant and may be taken as the measure of the field. Con- 
stant fields, or any fields at a definite point, may be com- 
pounded according to the parallelogram law. If force be de- 
fined statically by means of any dynamometer, experiment will 
show that the static and dynamic measures of force are propor- 
tional. In the same field, for example in the field of gravity 


1902.) RECENT BOOKS ON MECHANICS. 39 


near the earth’s surface, the forces acting on two masses are 
proportional to the masses. The unit of force or mass may 
therefore be chosen arbitrarily. The lesson closes with the de- 
termination of the fundamental differential equation of motion 
for a variable force and the discussion of work done by a force. 

The mental acumen of a student who can understand and 
appreciate the whole of this, his first lesson, must be consider- 
able. No further comment is necessary on this presentation of 
the fundamental ideas, which seems sufficiently accurate and 
modern, yet quite practical, and withal not far from Newton’s 
classic treatment. 


We have now passed in review about a dozen recent volumes 
on mechanics. Many different standpoints are represented, 
and often represented very well. But what is more noteworthy 
and valuable is the steady general improvement over older works, 
not only in the matter presented, but in the method of presenta- 
tion. There is yet much to be done in producing treatises on 
mechanics. Perfection has not been reached, nor even nearly 
enough approached. There is one field in particular in which 
a thorough and careful work is greatly to be desired. That is 
the field of general dynamical theory. Sooner or later —let us 
hope it will be sooner —there must appear a work which shall 
take such general principles as D’Alembert’s, Lagrange’s and 
Hamilton’s, and state just what are the restrictions under which 
each may be applied in practice. For instance, in Lagrange’s 
Mécanique Analytique we find at least four distinct ways of 
writing the general equations of motion. Each has its peculiar 
advantages and restrictions. Who will set these forth? 
There is also plenty of room for a brief, almost syllabic, treatise 
on dynamical theory. Few students are able to appreciate how 
extremely limited purely theoretical considerations are in dy- 
namics. Six or eight hours is quite sufficient to carry a lecturer 
from the beginning through the derivation of Lagrange’s equa- 
tions and Hamilton’s principle, if all applications be omitted. 
And it is only thus that a thoroughly comprehensive grasp of 
dynamics can be obtained. 

Epwin Wiison. 


Yar UNIVERSITY, 
June 10, 1902. 
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ON A NEW EDITION OF STOLZ’S ALLGEMEINE 
ARITHMETIK, WITH AN ACCOUNT OF 
PEANO’S DEFINITION 
OF NUMBER. 


Theoretische Arithmetik. Von O. Srotz (Innsbruck) und J. 
A. Gmetner (Wien). I. Abtheilung: Allgemeines. Die 
Lehre von den rationalen Zahlen. Leipzig, B. G. Teubner, 
1901. iv + 98 pp. 


Tuis publication of about 100 pages is the first instalment of 
a new and revised edition of Stolz’s Allgemeine Arithmetik 
(1885-86), —a work which has long since proved indispensable 
to all who desire a systematic and rigorous development of the 
fundamental elements of modern arithmetic. 

The revision thus far completed (probably about one seventh 
of the entire work) covers the first four chapters : 

I. On quantities (Grossen) and operations (Verkniipfungen) 
in general. 

II. On the natural numbers and the four fundamental oper- 
ations. 

III. On the general properties of any direct operation 
(Thesis, 226) and its inverse (Lysis, a~ 6), as deduced from 
certain fundamental formal laws; in particular, the analytic 
theory of (absolute) rational numbers. 

IV. On the synthetic theory of (absolute) rational numbers, 
with a treatment of systematic fractions. 

The remaining chapters in the first part will contain (if the 
order in the old book is preserved) the theory of negative and 
irrational numbers, with an account of euclidean “ ratios,” 
followed by an elaborate treatment of the theory of limits as 
applied to functions of a real variable and to infinite series of 
real terms. The second part will then contain the theory of 
operations on complex numbers, including chapters on infinite 
series, infinite products and continued fractions. The complete 
work will belong to the Teubner series of mathematical text- 
books. 

As one turns the pages of the new edition one is struck first 
of all by the great improvement in the general appearance of 
the book. The title itself, “ theoretical arithmetic,” is much 
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more lucid than the old title of “ general arithmetic,” which 
to the uninitiated might mean common algebra; the notes, 

historic and other, which used to be difficult of reference, are 
now placed conveniently as footnotes on the proper pages; and 
best of all the paragraph numbers in the several sections are 
now placed at the top of each page. All these changes will be 
appreciated by those who have had to refer often to the older 
book. ‘The addition of some thirty problems or exercises is also 
very welcome. 

In the body of the text there are numerous changes which 
greatly enhance the clearness of the presentation. The intro- 
duction of the rational numbers (III, 7) and the opening para- 
graph of IV should be especially mentioned. We notice that in 
III no attempt is made to prove the mutual independence of 
the postulates A)— #), and as a matter of fact if ZF, 2) is 
made to read: “ when b> b’ then aob> aob’” the -postulate 
D, can be at once deduced as a theorem. 

The only radical change from the plan of the first edition, 
however, is found in the second chapter, where the treatment of 
the natural numbers is now based on Peano’s definition. The 
details of Peano’s theory are here for the first time made acces- 
sible to. readers unfamiliar with his mathematical language. 
Since, however, no systematic treatment of Peano’s method is 
obtainable in English, it may be not without interest to devote 
the remainder of our space to a connected account of its principles. 


Peano’s THEORY OF THE NaTURAL NUMBERS.* 


The fundamental concepts which form the starting-point of 
Peano’s theory are three: (1) a class or assemblage, denoted by 
N; (2) a special object, denoted by #; (8) what we may call a 
* rule of succession,” (denoted by o), according to which every 
object, a, of the given class WV determines uniquely another 
object, a o, called the successor of a. 

The nature of the assemblage J, of the special object /, and 
of the rule of succession o is left wholly undetermined, except 
for the following five restrictions, or postulates : 


*G. Peano: Arithmetices principia nova methodo exposita, Turin, 1889 ; 
**Sul concetto di pumero,’’ Rivista di Matematica, vol. 1 (1891), pp. 87- 
102, 256-267 ; Formulaire de Mathématiques, vol. 2 (1898), no. 2, pp. 1-59; 
vol. 3 (1901), pp. 39-44. Where I have written N and E£, Peano uses N, and 
1 or later N, and 0; and for a 0, Peano uses a + or latera+1. I have also 
changed the wording of postulate 5. Stolz and Gmeiner use ‘‘ Zahl,’’ i and 
a+1, for N, Eand a 0, and add another postulate, to the effect that every 
number shall be called equal to itself. 
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1. The special object E shall belong to the class N. 

2. If an object a belongs to N then its successor ao shall also 
belong to N. 

8. If an object a belongs to N then its successor ao shall be 
different from E. 

4. Ifac=bo thena=b. 

5. If ais any given element of N, then a can be found in 
the sequence E, Fo, (Fo)o,... 


The meaning of these postulates will be clearer, if we con- 
sider at once the following systems, in which NV, £ and o are so 
chosen that all the postulates, or all but one, are satisfied. 

(a) N=class of positive integers; H=1; ao=a+l1. 

(6) N=class of positive integers with0; H=0;ao=a+l1. 

(c) N=class of positive integral powers of 2 ; 

ac=2a. 

Each of these systems (a), (0), (c) satisfies all the five postu- 
lates. 

(S,) N= class of positive integers; H=0; ao=a+l1. 

(S,) N= class of positive integers from 1 to 9; 

E=1 3 a@o=a+l. 
(S,) N= class of positive integers from 1 to 9; 
E=1; ao=a +1, except that 9o=1. 
(S,) N= class consisting of two elements 0 and 1; 
E=0; 0c=1, to=1. 
NV = class of positive integers; H=1; ao=a+2. 
ere the system S, (k = 1, 2, 3, 4, 5) satisfies all the other 
postulates, but not the Ath. 

The possibility of constructing such systems as (a), (5), (c) 
proves that the postulates 1-5 are consistent ; and the con- 
sideration of the systems S—S, shows us that the postulates 
1-5 are independent of one another. This proof of independ- 
ence, by the way, which forms a most interesting feature of 
Peano’s work, is not reproduced by Stolz and Gmeiner. 

Further, it can be easily shown that any two systems, S and 


8S’, which satisfy all the postulates 1-5 can be brought into 
one-to-one correspondence with each other in such a way that 


: 
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£ will correspond with Z’, and whenever a in S corresponds 
with a’ in S’ then ao will correspond with a’o. This fact may 
be stated in the theorem: All systems (NV, E, 2) which satisfy 
postulates 1-5 are equivalent to one another (cf. the systems 
a—c above). On the basis of this theorem Peano then states 
his definition : 

A “system of natural numbers” shall mean any system 
(N, E, 0) which satisfies the postulates 1. 

It is clear that such a definition is a very different thing from 
a psychological analysis of the process of counting. It is rather 
the construction of a symbolic ~ calculus of operations,” which 
contains indeed the arithmetic calculus as a special case when a 
special interpretation, viz., (a), is given to its symbols, but in 
which the validity of the deductions is quite independent of any 
such interpretation. 

The first step in the development of the theory is the defini- 
tion of the symbol a + 6 as follows: Let a and 6 be any two 
natural numbers, that is, any two elements of a system (J, F, 0) 
which satisfies Peano’s five postulates; then a +b denotes the 
number determined by the following recursion formule : 


a+H=a0; a+(KHo)=(a+F)o; ---; 6) 
a+ (ko)=(a+ kjo. 


Thus, in order to compute the value of a + 6 we must compute 
in succession the values of 


a+(K£o) a+[(£o)o], --, (6’) 


until we strike the desired element a + 6. 

The statement of Stolz and Gmeiner, defining a + 6 as that 
number which is obtained by starting from a and proceeding 5} 
steps forward in the series of numbers, would seem to imply 
that the ability to count is after all involved in this process. 
Such is, however, not the case. In order to find the number 
a+ 6 by Peano’s definition we require simply the ability to de- 
termine from any given element a the element ao ; we can thus 
compute one after the other the elements of the sequence (6’), 
and we know by postulate 5 that this sequence will contain 
the element a+ 5. How far we shall have to go to find this 
element we do not know; we do not count the steps already 
taken at any stage, nor do we ask how many more there are to 
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take; it is sufficient to know that if we persevere, one step at a 
time, the desired number will surely be reached.* 

The element a + 5 thus determined is calied the “sum” of 
the given elements a and b; when the system hears the inter- 
pretation (a) then a + 6 will clearly be the sum of a and d in 
the ordinary sense. 

Similarly, the “ product,” ab, of two elements a and 5 is de- 
fined by the recursion formule 


aE =a; a(Ec)=(aE)+a; ---; a(ko) =(ak) +a. (7) 
From the definition of + follows next the theorem 
a+(b+c)=(a+b)+e 


the proof of which we give in full as a typical illustration of the 
use of postulate 5 (method of mathematical induction). Thus: 
the theorem is obviously true when c = EZ, by (6). And if it is 
true when co is any particular element & then it will be true 
also whence = ko.t+ Therefore, being true for e = £, it is true 
for c = Eo, and hence for c = (Z0)o, ete. But by 5 any given 
element can be reached in this way; hence the theorem is true 
for all values of c. 
In a similar way the theorems 


a+b=b +a, (ab)c = a(be), ab = ba, 


(a + b)e = ac + be 
are established. 


The definition of the symbols > and < depends on the follow- 
ing theorem, which is proved also by the use of (6): If a + 6 then 
there is either a number such that a = } + A or else a num- 
ber » such that 6 = a + yp (and not both). In the first case a 
is called “greater than” b (a>), in the second case “ less” 
(a <b). (8) 

When the system bears the interpretation (a) the use of the 
symbols > and < as thus defined will clearly agree with the 
ordinary use of them. 


and 


* Of course this implies unlimited time at our disposal—an assumption 
not explicitly stated by Peano or by Stolz and — 
+ For on the given assumption we have, by 4 
(a+b) + (ko) +k)]Jo 
+ k)o] =a + [b+ (ko)]. 


pe 
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From the definition of >and < we have at once that 
a +6>a,and also the theorems: If a> a’ thena+b>a’+b 
and ab>a’b. For example, from a >a’ follows a = a’ +x, 
whence ab = (a’ + x)b = a’'b + xb, or ab>a’'b. This proof of 
Peano’s is simpler than the induction proof used by Stolz and 
Gmeiner. 

After these fundamental definitions and theorems have been 
established the further development of the theory — including 
the introduction of the rational, irrational, negative and com- 
plex numbers — proceeds along lines already familiar and need 
not be enlarged upon here. 

In a sense, the five postulates of Peano may be said to con- 
tain, implicitly, all the results of algebra and analysis, including 
the theory of functions of a complex variable. It should be 
clearly understood, however, that the business of the mathe- 
matical theory is solely to draw logical deductions from these 
postulates, not to discuss the question whether the results 
possess any real significance in the objective world. On this 
deeper question, Peano’s work merely reduces the problem to 
its lowest terms; if we can show that his fundamental postulates 


are capable of real interpretation in the objective world, then 


all their consequences will likewise be capable of such interpre- 
tation. Whether, however, a real interpretation of the postu- 
lates—(for example, the system (a) on p. 42)—is psychologically 
possible or not, is a problem of epistemology with which the 
mathematical theory has nothing whatever to do. 

A precisely similar remark applies to any deductive theory 
such as that contained in Hilbert’s Grundlagen der Geometrie 
(1899). At the basis of Hilbert’s theory stand certain symbols 
such as * point,” “line,” “ between,” etc., whose’ meaning is left 
wholly undetermined except for the imposition of certain 
postulates. The development of the theory consists in deducing 
the theorems which follow from the fundamental postulates by 
the laws of formal logic, quite independently. of any special 
interpretation of the undefined symbols. To be sure, when 
the undefined symbols are interpreted as meaning point, line 
between, etc., in the ordinary sense then the whole theory be- 
comes identical with our ordinary geometry of space. But 
the question whether such an interpretation is possible or not 
is a question which ‘the deductive theory leaves wholly un- 
touched. Hence Hilbert’s theory cannot be said to give us 
any new knowledge of the real nature of space, any more than 
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Peano’s theory gives us any new knowledge of the real nature 
of the natural numbers. Both these theories, however, enable 
us to state the philosophical problem with a definiteness which 
has not heretofore been possible. 

Further comment on Stolz and Gmeiner’s book is impossible 
in the space at our disposal. The remaining instalments of 
this great work will be awaited with keen interest. 


E. V. Huntinerton. 
HARVARD UNIVERSITY, 
June 12, 1902. 


LAZARUS FUCHS.* 


Fucus is dead. This announcement must have caused deep 
sorrow in the heart of many American mathematicians. For 
many of us have been his pupils, and to some of us his example 
has been the greatest inspiration of our lives. The writer of 
this little sketch is one of these. He remembers how he looked 
forward to the time when he would be fitted to attend Fuchs’s 
lectures. He remembers the small and crowded lecture-room in 
the University of Berlin, poorly ventilated, stuffy and hot in the 
summer days, but so full of meaning and inspiration to the 
earnest and thoughtful student. Fuchs was not a brilliant lec- 
turer. He spoke in a quiet, undemonstrative manner, but what 
he said was full of substance. To the student there was the 
inspiration of seeing a mathematical mind of the highest order 
full at work. For Fuchs worked when he lectured. He was 
rarely well prepared, but produced on the spot what he wished 
to say. Occasionally he would get lost in a complicated com- 
putation. Then he would look around at the audience over his 
glasses with a most winning and child-like smile. He was 
always certain of the essential points of his argument, but 
numerical examples gave him a great deal of trouble. He 
was fully conscious of this failing, and I remember well one 
occasion when, after a lengthy discussion, he laid considerable 
emphasis upon the fact that “ in this case, two times two is four.” 

The mathematical papers of Fuchs are very numerous, but 
excepting a few of his earliest attempts, they are all connected 
directly or indirectly with the theory of linear differential equa- 
tions. This was the province which, to quote the words of 
Auwers when he introduced Fuchs to the Berlin Academy of 


* Immanuel Lazarus Fachs, born in Moschin, near Posen, May 5, 1833, 
died at Berlin, April 26, 1902. 
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Sciences, he had added to the mathematical kingdom. Of 
course the conquest of this new territory had been prepared by 
others. The theory of functions, which was an essential pre- 
requisite had been built up by Cauchy and Riemann. The 
work of Briot and Bouquet on differential equations of the first 
order was an illustration of the application of this new theory 
to the treatment of differential equations. But to Fuchs be- 
longs the credit of first applying the theory of functions to the 
linear differential equations of any order, with rational coeffi- 
cients. His paper in the sixty-sixth volume of Crelle’s Journal 
is a classic, and to this day I know of no clearer exposition of 
the fundamental principles involved. It is true that Riemann 
was acquainted with these principles, as his posthumous paper 
on this subject proves. It is true also that Fuchs took his im- 
mediate inspiration from Riemann’s famous paper on the hyper- 
geometric series. But all of this does not lessen the credit due 
to Fuchs. To generalize is one of the functions of the mathe- 
matician. This Fuchs did. Riemann also did this, but his 
paper was never published until the theory had long been 
developed by Fuchs. It is interesting to notice in this connec- 
tion the difference between the points of view adopted by Rie- 
mann and Fuchs. Fuchs starts out with the linear differential 
equation of the nth order whose coefficients are rational func- 
tions of x. By a rigorous examination of the convergence of 
the series, which formally satisfies the differential equation he 
finds that these equations have a very important and character- 
istic property. The singular points of the solutions are fixed, 
i. é., they are independent of the constants of integration and 
can be found without first integrating the differential equation. 
They are in fact included among the poles of its coefficients. 
He then shows that a fundamental system of solutions under- 
goes a linear substitution with constant coefficients when the 
variable 2 describes a circuit enclosing such a singular point, 
and from this behavior of the solutions derives expressions 
for them, valid in a circular region surrounding that point and 
reaching as far as the next singular peiat. He thus establishes 
the existence of systems of n functions, uniform, finite and 
continuous, except in the vicinity of certain points, and under- 
going linear substitutions with constant coefficients when the 
variable 2 describes circuits around these points. 

Riemann’s point of view was exactly opposite to this. With 
him it was a matter of principle not to define a function by an 
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expression, but by a characteristic property. He, therefore, 
starts out with the assumption of a system of n functions uni- 
form, finite and continuous, except in the vicinity of certain 
arbitrarily assigned points, and undergoing an arbitrarily as- 
signed linear substitution when the variable x describes a closed 
path around such a point. He then shows that such a system 
of functions will satisfy a linear differential equation of the nth 
order. But the theorem that the branch points and the substi- 
tutions may be arbitrarily assigned, ought to be proved at the 
outset if this point of view is to be adopted. Much has since 
been done on this question, which is really a fundamental one in 
the theory of linear differential equations. 

This is not the place to go into details. Suffice it to say that 
the theory of linear differential equations was placed by Fuchs 
upon a solid and adequate foundation. He and his followers 
have reared upon this a noble structure. He himself character- 
ized a class of such equations, called after him Fuchsian, whose 
solutions are everywhere regular. He studied the question of 
algebraic integrability which has so many points of contact with 
other questions of importance. He studied by his own methods 
the periods of an elliptic integral as function of the modulus, 
for Legendre had shown that these verify a linear differential 
equation of the second order. By considering the modulus 
inversely as a function of the quotient of the periods, a uniform 
automorphic function, now known as the modular function, was 
obtained. The theory of modular functions, and more generally 
of automorphic functions owes much to Fuchs, as well as to 
Klein and to Poincaré, who as an indication of this fact has 
named a large class of such functions Fuchsian. Fuchs has 
introduced other transcendental functions into analysis, connected 
with a linear differential equation in much the same way as 
the abelian functions are connected with an algebraic equation. 
Little has yet been done with these beyond the proof of their 
existence. 

We have already mentioned that one of the first results 
obtained by Fuchs in his classical memoir was the fact that the 
branch points of a linear differential equation are fixed. Fuchs 
himself was the first to ask the question; are there other equa- 
tions of this kind? In a beautiful paper in the Sitzwngsberichte 
der Berliner Akademie, he started the investigation of this 
important question, confining himself, however, to differential 
equations of the first order. Poincaré completed the investiga- 
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tion in a remarkable manner, the result being that no essentially 
new functions could be defined by differential equations of the 
first order with fixed singular points. Painlevé has since then 
found that transcendental functions essentially new can be de- 
fined by such equations of order higher than the first. 

We will close this brief sketch by translating a sentence, 
which is as characteristic of the modern theory of differential 
equations, as the famous definition of Kirchhoff is of modern 
mechanics. Fuchs says in his famous paper in Crelle’s Journal : 
“In the present condition of science it is not so much the 
problem of the theory of differential equations to reduce a given 
differential equation to quadratures, as to deduce from the equa- 
tion itself the behavior of its integrals at all points of the plane, 
i. e., for all values of the complex variable.” 

This is the present point of view in the theory of differential 
equations. The first chapter of this theory, that of linear dif- 
ferential equations, has been far advanced, although not com- 
pleted, by Fuchs and his pupils. Something has been done on 
later chapters, but not much. The theory of non-linear dif- 
ferential equations is one of the central problems of modern 
mathematics, but it has not yet found its Fuchs. 

E. J. WiLczyNskI. 


UNIVERSITY OF CALIFORNIA, 
BERKELEY, Jrly 8, 1902. 


NOTES. 


Tue fifty-first annua) meeting of the American association 
for the advancement of science, was held at Pittsburgh, June 
28—July 3. The total number of members in attendance was 
431, and 320 papers and addresses were presented, of which 24 
are classified under mathematics and astronomy (Section A). 
Among the officers elected for the coming year are: President 
of the Association, Dr. Ina Remsen ; Vice-president of Section 
A, Professor G. B. Haustep ; Secretary of Section A, Profes- 
sor C.S. Howe. A report of the meeting of Section A will 
appear in an early number of the BULLETIN. It was decided to 
hold the next meeting of the Association at Washington, D. C., 
in convocation week, December 29, 1902 —January 3, 1903. 


In its annual list of doctorates conferred by American univer- 
sities during the academic year closing with June, 1902, Science 
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records the following with theses in mathematics: A. B. 
Cos.r, Johns Hopkins University, “ A study of the ternary 
quartic in its relation to the conics”; Orro DuNKEL, Har- 
vard University, “Regular singular points of a system of 
homogeneous linear differential equations of the first order” ; 
Peter Frexp, Cornell University, “The forms of unicursal 
quintic curves ” ; CARL GUNDERSEN, Columbia University, “On 
the measure or content of assemblages of points”; C. J. 
Keyser, Columbia University, “The plane geometry of the 
point in space of four dimensions”; T. M. Putnam, Uni- 
versity of Chicago, “ Concerning the linear fractional group 
on three variables with coefficients in the Galois field of 
order p*”; H. L. Rrerz, Cornell University, “On primi- 
tive groups of odd order”; W. E. Taytor, Syracuse Uni- 
versity, “On the product of an alternant by a symmetric func- 
tion.” 


Oxrorp University. — The following courses in mathematics 
are announced for Michaelmas term, 1902 : — By Professor E. 
B. Ex.uiorr: Theory of numbers, two hours; Theory of fune- 
tions, one hour. — By Professor H. H. Turner: Elementary 
mathematical astronomy, two hours. — By Professor W. Esson : 
Analytic geometry of plane curves, two hours; Synthetic geom- 
etry of plane curves, one hour. — By Professor A. E. H. Love: 
Spherical harmonics and other methods of analysis that are 
appropriate in applications to physics, three hours. — By Mr. 
C. E. Hasetroot: Algebra, two hours. — By Mr. C. Leupes- 
DORF: Projective geometry, three hours. — By Mr. A. E. 
JoLuiFFe: Analytical geometry, two hours. — By Mr. J. W. 
Russet_: Differential calculus, two hours. — By Mr. R. F. 
McNete: Curve tracing, one hour. — By Mr. P. J. Kirxsy: 
Introduction to higher algebra, one hour.— By Mr. A. L. 
Pepper: Problems in pure mathematics, one hour. — By Mr. 
C. H. Sampson: Solid geometry, two hours. — By Mr. J. E. 
CamMPpBeLL: Differential equations, two hours. — By Mr. C. H. 
THompson: Integral calculus, two hours.— By Mr. E. H. 
Hayes: Analytical statics, three hours. — By Mr. A. L. Drxon: 
Hydrostatics, one hour. — By Mr. H. T. Gerrans: Advanced 
rigid dynamics, two hours. 

Considerable changes will be made in the First Public 
Examination for those who seek honors in mathematics by a 
scheme which comes into effect in 1904. A new subject, viz: 


‘ 
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The elements of analytical geometry of three dimensions, is 
to be introduced ; and restrictions on the freedom of choice of 
methods are to be removed. Under the existing scheme the 
elements of the mechanics of solids and fluids is treated with- 
out the aid of the infinitesimal calculus; in future the use of 
the calculus in its applications to mechanics is to be encouraged. 
At present there is a separation of geometry into two papers, 
devoted respectively to analytical and synthetic methods; in 
future candidates are to be encouraged to choose the method, 
analytical or synthetic, which appears the more appropriate in 
answering any question. The examination is taken in the first 
year or the second year of the acadez..ic course, and successful 
candidates have the option of proceeding to a final honors 
school in mathematics, or in physics, or in any other subject ; 
in these respects the new scheme makes no changes. 


THE several German universities below offer during the winter 
semester, 1902-1903, courses in mathematics as follows: 

University OF Bern. — By Professor H. A. Scuwarz: 
Differential calculus, four hours, with exercises, two hours; 
Maxima and minima in elementary geometrical treatment, two 
hours; Applications of the theory of elliptic functions, four 
hours; Colloquium, two hours; Seminar, three hours. — By 
Professor G. Fropentus: Theory of determinants, four hours ; 
Algebra, four hours; Seminar, three hours. — By Professor 
R. Lenmann-Fitpfs: Analytical geometry, four hours; The- 
ory of probabilities, one hour. — By Professor J. KNoBLauca : 
Theory of space curves and curved surfaces, four hours; Ana- 
lytical mechanics, four hours; Proseminar, one hour. — By 
Professor K. HENsEL: Integral calculus, four hours, with exer- 
cises, two hours: Theory of elliptic functions, four hours. — 
Professor G. Hetrner: Theory of definite integrals, two 
hours. — By Dr. E. Lanpavu: Theory of numbers, four hours ; 
Theory of linear differential equations, four hours; Mengen- 
lehre, one hour. 


University OF Bonn. — By Professor L. HEFFTER: Ana- 
lytical mechanics, four hours; Plane analytical geometry, four 
hours, with exercises, one hour. — By Professor H. Kortum: 
Elliptic functions, four hours; Seminar, two hours. —By Pro- 
fessor R. Lipscuitz: Integral calculus II, four hours; Semi- 
nar, two hours. — By Professor J. Sommer: Algebra, two 
hours; Geometrical applications of the theory of functions, 
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two hours. — By Dr. WENTSCHER: Philosophy of mathematics, 
one hour. 


University OF BresLav.— By Professor J. Rosanes: Dif- 
ferential calculus and elements of integral calculus, four hours ; 
Theory of invariants, two hours; Seminar, one hour. — By Pro- 
fessor R.Srurm: History of mathematics, one hour; Seminar, 
two hours; Theory of numbers, three hours ; Geometrical loci 
of higher degree, three hours. — By Professor F. Lonpon: In- 
troduction to the theory of differential equations, three hours : 
Mathematics of insurance, two hours. 


UntversiTy OF Professor P. GoRDAN: 
Analytical geometry, four hours; Invariants, four hours ; Sem- 
inar, three hours. — By Professor M. NéTHER: Infinitesimal 
calculus, four hours; Theory of functions, four hours. — Seminar. 


Univessity oF FrerpurG.— By Professor J. Lirotu: 
Analytical mechanics, four hours; Least squares, two hours ; 
Seminar. — By Professor L. STICKELBERGER: Plane analytical 
geometry and differential calculus, five hours, with exercises, 
two hours. — Theory of analytic functions, three hours.— By 
Professor A. Loewy: Theory of curves and surfaces, four 
hours ; Mathematics of insurance, two hours. — By Dr. E. REs- 
MANN: History of arithmetic, two hours. 


University or Girrincen. — By Professor F. KLEmn: En- 
cyclopedia of mathematics, four hours; Seminar (with Profes- 
sor Bohlmann), two hours. — By Professor D. HILBERT: Differ- 
ential and integral caleulus II, four hours; Mechanics of 
continua, four hours; Seminar in the theory of- functions, two 
hours. — By Professor K. ScHwARZSCHILD: Celestial mechanics, 
three hours, with exercises, two hours. — By Professor H. Min- 
KOWSKI: Algebra, three hours; Analysis situs, two hours ; 
Seminar in the theory of functions, two hours. — By Professor 
M. Brenpvex: Introduction to theoretical astronomy, three 
hours; Life and work of Gauss, one hour. — By Professor F. 
Scuitiine; Analytical theory of curved lines and surfaces, 
four hours, with exercises, two hours. — By Professor G. Bout- 
MANN: Theory of probabilities, two hours; Theory of risks, 
two hours; Seminar, two hours; Seminar in the mathematics 
of insurance, two hours. — By Dr. E. ZERMELO: Theory of 
functions, four hours ; Exercises in integral calculus and poten- 
tial theory, two hours. — By Dr. BLUMENTHAL: Abelian func- 
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tions, two hours; Introduction to higher mathematics for stu- 
dents of science, with exercises, three hours. 


University oF HEIDELBERG. — By Professor L. Kornics- 
BERGER: Higher algebra, theory of algebraic equations, four 
hours; Elements of the theory of differential equations, two 
hours ; Calculus of variations, one hour; Theory of numbers, 
one hour ; Seminar, two hours. — By Professor H. VALENTINER: 
Theory of orbits, three hours. — By Professor M. Cantor: Dif- 
ferential and integral calculus, four hours, with exercises, one 
hour; Political arithmetic, two hours. — By Professor F. E1sen- 
LOHR; Theoretical optics, four hours; Differential and integral 
calculus, five hours; Potential, two hours. — By Professor K. 
KoEHLER: Synthetic geometry of space, three hours. — By Pro- 
fessor G. LANDSBERG: Descriptive geometry, with exercises, 
four hours; Theory of functions, three hours. — By -Dr. K. 
Boru: Theory of partial differential equations, one hour ; 
Vector analysis, one hour; D’Alembert’s memoir on dynamics, 
one hour. 


University oF JENA.— By Professor J. TuomaE: Applica- 
tion of infinitesimal calculus to geometry, four hours: Definite 
integrals and Fourier series, four hours ; Seminar, two hours. 
— By Professor A. GuTzmER: Analytical geometry of space, 
four hours; Analytical mechanics, four hours, with seminar, 
one hour. — By Professor J. Frece: Differential and integral 
calculus II, with exercises, five hours. 


University OF Kiet. — By Professor L. PocnHHaMMER: 
Elements of the theory of numbers, three hours; Introduction 
to the theory of functions, three hours; Seminar one hour. — 
By Professor P. Harzer: Celestial mechanics, three hours. — 
By Professor P. StAckeL: Integral calculus, three hours; Dif- 
ferential geometry of curved surfaces, three hours; Intrinsic 
geometry of curves, one hour; Seminar, one hour. 


University oF Lerpsic. — Professor SCHEIBNER offers no 
lectures during the winter semester. — By Professor C. NEv- 
MANN: Differential and integral calculus, four hours ; Seminar, 
two hours. — By Professor H. Bruns: Theory of probabilities, 
four hours; Celestial mechanics, two hours. — By Professor A. 
Mayer: Calculus of variations, four hours. — By Professor O. 
H6.per: Elliptic functions, four hours; Partial differential 
equations, two hours; Seminar, one hour. — By Professor F. 
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EnceL: Determinants and algebraic equations, four hours ; 
Theory of transformation groups (continuation), two hours; 
Seminar, two hours. — By Dr. F. Hausporrr: Analytical 
mechanics, three hours, with exercises, one hour. — By Dr. H. 
LreBMANN: Analytical geometry of space, two hours; Theory 
of definite integrals, two hours; Descriptive geometry, two 
hours, with exercises, one hour. 


University OF StrasspurG.— By Professor T. REYE: 
Geometry of position, three hours; Analytical mechanics, two 
hours; Seminar, two hours. — By Professor H. WEBER: Par- 
tial differential equations of mathematical physics, four hours ; 
Selected chapters of algebra, two hours ; Seminar, two hours. 
By Professor F. Roru: Algebraic analysis and determinants, 
three hours; Analytical geometry of space, two hours; Ordi- 
nary differential equations, two hours.— By Professor A. 
Krazer: Infinitesimal calculus, four hours; Analytical geom- 
etry of the plane, three hours; Seminar, two hours. 


Te London mathematical society awarded its De Morgan 
medal for 1902 to Professor A. G. GREENHILL. 


Proressors Ormond SronE, of the University of Virginia, 
E. H. Moore, of the University of Chicago, and Frank Mor- 
LEY, of Johns Hopkins University, have been appointed by the 
executive committee of the Carnegie Institution, as advisors in 
relation to original research in mathematics. 


Proressor W. E. Story, while retaining his chair in Clark 
University, has been appointed head of the mathematical depart- 
ment in the newly established Clark College, Worcester, Mass. 
Mr. F. H. Hopes, at present fellow in mathematics in Clark 
University, becomes instructor in mathematics in the college. 

Ar the University of Nebraska, Dr. R. E. Moritz, who 
recently returned from a year’s study abroad, has been ap- 
pointed to an adjunct professorship of mathematics. 


Dr. W. M. Buack, instructor in mathematics in 
the University of Oregon, died August 11, at La Grande, Ore. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


BeLTRAMI (E.). Opere matematiche, pubblicate per cura della 
Facolta di scienze della r. Universita di Roma. Vol. I. Milano, 
Hoepli, 1902. 4to. 22+ 438 pp. With portrait. Fr. 25.00 


BERTRAND (J.). Eloges académiques. Nouvelle série: Poinsot, 
Cosson, Chasles, Cordier, Paris, Cauchy, Tisserand, Viéte, Galilée, 
D. Papin, Clairaut, Euler, d’Alembert et Lagrange, Abel, Galois, 
Faraday, Pasteur. Avec un éloge historique de Joseph Ber- 
trand, par G. Darboux. Paris, Hachette, 1902. 16mo. 51 + 411 
pp- Fr. 3.50 


Brancut (L.). Lezioni di geometria differenziale. 2a edizione, 
riveduta e considerevolmente aumentata, in due volumi. Vol. 
I. Pisa, Spoerri, 1902. 8vo. 524 pp. Fr. 18.00 


Botza (O.). Concerning the geodesic curvature and the isoperi- 
metric problem on a given surface and proof of the sufficiency 
of Jacobi’s condition for a permanent sign of the second varia- 
tion in the so-called isoperimetric problems. Printed from Vol. 
9 of “The decennial publications.” Chicago, University 
of Chicago Press, 1902. 4to. 2+7 pp. (University of 
Chicago decennial publications.) $0.25 

BonNesen (T.). Analytiske studier over ikke-Euklidisk geometri. 
Kjébenhavn, Ursius, 1902. 8vo. 103 pp. M. 3.60 

Bourpon (B.). La perception visuelle de l’espace. Paris, Schleicher, 
1902. 8vo. 446 pp. (Bibliothéque de pédagogie et de psy- 
chologie, Vol. 4.) 


Brioscui (F.). Opere matematiche, pubblicate per cura del Comi- 


tato per le onoranze a F. Brioschi. (In 4 volumi.) Vol. II. 
Milano, Hoepli, 1902. Folio. 456 pp. Fr. 25.00 
Burkuarpt (H.). See JAWRESBERICHT. 
Capetti (A.). Istituzioni di analisi algebrica. 2a edizione, con 
aggiunte delle lezioni di algebra complementare ad uso degli 


aspiranti alla licenza universitaria in scienze fisiche e mate- 
matiche. Napoli, Pellerano, 1902. 8vo. 19-+ 714 pp. 

Compesiac (G.). Calcul des triquaternions. Nouvelle analyse 
géométrique. (Thése.) Paris, Gauthier-Villars, 1902. 4to. 
122 pp. Fr. 5.00 

Couton (J.). Sur l’intégration des équations aux dérivées partielles 
du second ordre par la méthode des charactéristiques. (Thése.) 
Paris, Hermann, 1902. 4to. 127 pp. 

Czuser (E.). Probabilités et moyennes géométriques. Ouvrage tra- 
duit de l’allemand par H. Schuermans. Paris, Hermann, 1902. 
8vo. 250 pp. Fr. 8.50 

(G.). See BerTRanp (J.). 


Emory (F. L.). See Laprace (P. S.). 
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EpsTeen (S.). Untersuchungen iiber lineare Differentialgleichungen 
vierter Ordnung und die zugehérigen Gruppen. Ziirich, 1901. 
8vo. 56 pp. M. 2.50 


Freycinet (C.). The philosophy of mathematics. [Russian trans- 
lation.} 2d edition. St. Petersburg, 1902. 8vo. 175 pp. 


GeIssteR (K.). Die Grundsiitze und das Wesen des Unendlichen 
in der Mathematik und Philosophie. Leipzig, Teubner, 1902. 
8vo. 8+ 417 pp. M. 14.00 


GerHarpt (E.). Die theoretische und praktische Bedeutung der 

Mittelsumme. (Diss.) Tiibingen, 1901. 8vo. 
‘0 pp. 

Gtaserr (S.). Untersuchung der Flichen dritten Grades, welche bei 
der Abbildung nach dem Prinzip der reziproken Radienvektoren 
wieder in sich selbst zuriickkehren. I. (Progr.) Berlin, 
Gaertner, 1902. 4to. 29 pp. M. 1.00 


GMeEINER (J. A.). See Srozz (O.). 


GoLLeR (A.). Ueber die ‘Steinersche Fliche. (Progr.) Miinchen, 
Kellerer, 1902. 8vo. 3-+-69 pp. M. 1.00 


Govursat (E.). Cours d’analyse mathématique (cours de la Fa- 
culté des sciences de Paris). Vol. I: Dérivées et différentielles, 
intégrales définies; développments en série; applications géomé- 
triques. Paris, Gauthier-Villars, 1902. 8vo. 6 + 620 pp. 

Fr. 20.00 

Gutpperc (A.). Ueber Integralinvarianten und Integralparameter 
bei Beriihrungs-Transformationen. Christiania, 1902. 8vo. 
10 pp. (Videnskabsselskabets Skrifter, 1. Mathem.-natur- 
vidensk. Klasse, 1902, No. 5.) 


--——. Ueber die Maxima und Minima der Integrale, die eine con- 
tinuirliche Gruppe gestatten. Christiania, 1902. 8vo. 10 pp. 
(Videnskabsselskabets Skrifter, I. Mathem.-naturvidensk. 
Klasse, 1902, No. 7.) 


HapaMarp (J.). Essai sur l’étude des fonctions données par leur 
développement de Taylor. Etude sur les propriétés des fonctions 
entiéres, et en particulier d’une fonction considérée par Riemann. 
(Méiniore couronné par l’Académie des sciences.) Paris, Her- 
mann, 1302. 4to. 132 pp. Fr. 10.00 


(I. H.). (Integral calculus). Vol. I. 
1901. 488 pp. 

——. Aragopixds (Differential calculus). "Ev 1889. 
513 pp. 

Henset (K.) und Lanpsperc (G.). Theorie der algebraischen 
Funktionen einer Variablen und ihre Anwendung auf alge- 
braische Kurven und Abelsche Integrale. Leipzig, Teubner, 1902. 
8vo. 16+707 pp. Cloth. M. 28.00 

Herrner (G.). See Wererstrass (K.). 

Husert (D.). The foundations of geometry. Authorized trans- 
lation by E. J. Townsend. Chicago, Open Court Publishing 
Company, 1902. 12mo. 7+ 132 pp. Cloth. $1.00 


——. Problémes de mathématiques. Traduit par L. Laugel. Paris, 
Hermann, 1900. 8vo. Fr. 3.00 
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Horre (E.). Ein Beitrag zur Zeitbestimmung Herons von Alex- 
andrien. (Progr.) Hamburg, 1902. 4to. 9 pp. M. 2.50 


Issaty. Principes fondamentaux de la théorie des pseudo-surfaces. 
Paris, Hermann, 1902. S8vo. 114 pp. Fr. 4.00 


JauRBUCH tiber die Fortschitte der Mathematik, begriindet von C. 
Ohrtmann. Herausgegeben von E. Lampe und G. Wallenberg. 
Vol. 31: 1900. Heft 1. Berlin, Reimer, 1902. 8vo. 6 + 480 pp. 

M. 15.00 

JAHRESRERICHT der Deutschen Mathematiker-Vereinigung. Vol. 10: 
Entwickelungen nach oscillirenden Functionen. Bericht, erstat- 
tet der Deutschen Mathematiker-Vereinigung von H. Burkhardt. 
2te Lieferung. Herausgegeben im Auftrage des Vorstandes von 
R. Mehmke und A. Gutzmer. Leipzig, Teubner, 1902. 8vo. Pp. 
176-400. 

JETTMAR (H. von). Ueber merkwiirdige Punkte und Gerade, welche 
einem Dreiecke und dem ihm umgeschriebenen, beziehungsweise 
eingeschriebenen Kegelschnitte zugeordnet sind. Wien, 1902. 
4to. 11 pp. 


June (H.). Die Wurzelfunktionen in dem durch die Gleichung 
G (p, qg) =0 vom Range 2 und durch die Gleichung z* = H (p, q) 
definierten algebraischen Kérper K(p, q, 2). (Habilitations- 
schrift.) Marburg, 1902. Svo. 31 pp. 


Kinn (G. A.). Ueber die Transformation zweiten Grades der Theta- 
funktion. (Progr.) Siichsisch-Regen, 1902. 4to. 16 pp. 

(J.). See Werrstrass (K.). 

Kraemer (C.). Beitrag zur analytischen Untersuchung sphiirischer 
Kurven. (Diss.) Marburg, 1902. 8vo. 35 pp. 

Lampe (E.). See JAHRBUCH. 

LANDSBERG (G.). See HENSEL (K.). 


Lapiace (P. §8.). A philosophical essay on probabilities. Trans- 
lated from the 6th French edition by F. W. Truscott and F. L. 
Emory. New York, Wiley, 1902. 12mo. 4+ 196 pp. Cloth. 

$2.00 


Lavucet (L.). See (D.). 


Lepescve (H.). Intégrale, longueur, aire, These présentée a la 
Faculté des sciences de Paris. Milan, Rebeschini, 1902. 4to. 
129 pp. 


LeumMann (C. F.). Ueber die Beziehungen zwischen Zeit- und 
Raummessung im babylonischen Sexagesimalsystem. Leipzig, 
1902. 8vo. 20 pp. M. 1.00 


Leman (G.). Sur l’enseignement de l’analyse infinitésizzz':. Gand, 
1901. 8vo. 72 pp. Fr. 1.50 


Le Vavasseur. Enumération des groupes d’opérations spear donné. 
Paris, Hermann, 1901. 4to. 128 pp. Fr. 5.00 


LeweNBeRG (A.). Geometrya rzutowa twor6éw pierwiastkowych 
(Projective geometry of primitive forms). Warsaw, 1902. 8vo. 
15 + 414 pp. R. 8.00 


LinvELér (E.). Ueber die Ermittelung der Genauigkeit der Beo- 
bachtungen bei der Analyse periodischer Erscheinungen und in 


| 


58 NEW PUBLICATIONS. [Oct., 


der Metlode der kleinsten Quadrate. Helsingfors, 1901. 4to. 
34 pp. (Acta Socictatis scientiarum fennicae, 29.) 


——. Quelques applications d’une formule sommatoire générale. 
Helsingfors, 1902. 4to. 46 pp. (Acta Societatis scientiarum 
fennicae, 31.) 


——. Mémoire sur la théorie des fonctions entitres de genre fini. 
Helsingfors, 1902. 4to. 79 pp. (Acta Societatis scientiarum 
fennicae, 31.) 


——. Quelques théorémes nouveaux sur les fonctions entiéres. Paris, 
1902. 4to. 4 pp. (Comptes rendus des séances de VAcadémie 
des sciences.) 


——. Sur le prolongement analytique. Paris, 1902. 8vo. 4 pp. 
(Bulletin de la Société mathématique de France, 29.) 


Lipps (G. F.). Die Theorie der Collectivgegenstiinde. Leipzig, 1902. 
8vo. 4+ 217 pp. M. 3.00 


Loria (G.). Spezielle algebraische und transcendente ebene Kurven; 
Theorie und Geschichte. Autorisierte, nach dem italienischen 
Manuskript bearbeitete deutsche Ausgabe von F. Schiitte. 
Leipzig, Teubner, 1902. 8vo. 21+ 744 pp., 17 plates. Cloth. 
(B. G. Teubner’s Sammlung von Lehrbiichern auf dem Gebiete 
der mathematischen Wissenschaften mit Einschluss ihrer An- 
wendungen, V.) M. 28.00 


Massyy (W.). Kriimmung von Kurven auf zylindrischen und kon- 
ischen Rotationsflichen. (Progr.) Beuthen, 1902. 8vo. 17 pp. 


Mettor (J. W.). Higher mathematics, for students of chemistry 
and physics, with special reference to practical work. London 
and New York, Longmans, 1902. 8vo. 566 pp. 

Metu (B.). Ueber ein dlteres Verfahren der ganzer Ta- 
tionaler Funktionen in irreduktible Faktoren. (Progr.) Berlin, 
1902. 4to. 27 pp. 

Mork (J.). See TANNERY (J.). 

Movtton (F. R.). A simple non-Desarguesian plane geometry. 
1902. 4to. (Transactions of the American Mathematical So- 
ciety, 3, pp. 192-195.) 

Miter (C.). See Kiemn (F.). 

Reicuarpt (W.). Ueber verallgemeinerte Picardsche Differential- 
gleichungen im Gebiete der hyperelliptischen Funktionen erster 
Ordnung. (Progr.) Dresden, 1902. 4to. 42 pp. 


Rovquet (W.). Etude géométrique des surfaces dont les lignes 
de courbure d’un systéme sont planes et égales. Marseille, 
Barlatier, [1902]. 4to. 63 pp. 

ScuouTte (P. H.). Mehrdimensionale Geometrie. Teil I: Die 
linearen Riume; mit 335 Aufgaben. Leipzig, Géschen, 1902. 
8vo. 8+ 295 pp. Cloth. (Sammlung Schubert, Vol. 35.) 


M. 10.00 
ScuverMans (H.). See Czuper (E.). 
Scnttre (F.). See (G.). 


(O.) und (J. A.). Theoretische Arithmetik. Ab- 
teilung II: Die Lehre von den reellen und von den komplexen 
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Zahlen. 2te, umgearbeitete Auflage der Abschnitte V—VIII, X, 
XI des ersten und I, II, V des zweiten Teiles der Vorlesungen 
tiber allgemeine Arithmetik von O. Stolz. Leipzig, Teubner, 
1902. 8vo. 11+ 402 pp. Cloth. M. 8.00 


Srourr (X.). Remarques sur quelques propositions dues a M. Her- 
mite. Paris, 1902. 4to. (Annales scientifiques de Ecole nor- 
male supérieure (3) 19, pp. 89-118.) 

TANNERY (J.) et Moitk (J.). Eléments de la théorie des fonctions 
elliptiques. Vol. IV: Calcul intégral (deuxiéme partie); ap- 


plications. Paris, Gauthier-Villars, 1902. 8vo. 9+ 304 pp. 
Fr. 9.00 


THaER (A.). Bestimmung von Gestalt und Lage eines Kegelschnitts 
aus einer Gleichung zweiter Ordnung ohne Koordinaten-Trans- 
formation. (Progr., Hamburg.) Leipzig, Teubner, 1902. 8vo. 
39 pp., 1 plate. M. 1.40 

TowNnsEND (E. J.). See Hitpert (D.). 

Truscott (F. W.). See 

VANDEUREN (P.). Etude géométrique des lignes et des surfaces en 
un point ordinaire; représentation géométrique des dérivées. 
Bruxelles, Lebégue, [1902]. 8vo. 40 pp. 

WALLENBERG (G.). See JAHRBUCH. 

WeterstTrass (K.). Mathematische Werke. Vol. IV: Vorlesungen 
iiber die Theorie der Abelschen Transcendenten. Bearbeitet 
von G. Hettner und J. Knoblauch.“ Berlin, Mayer & Miller, 
1902. 4to. 14+ 632 pp. M. 40.00 

Weiss (F.). Die geodiitischen Linien auf dem Catenoid. (Diss.) 
Jena, 1902. 8vo. 46 pp. 

Weyn (A.). Die wichtigsten Mathematiker und Physiker des 
Altertums. Kreuzburg, 1902. 4to. 26 pp. M. 1.80 


II. ELEMENTARY MATHEMATICS. 


Atti del secondo congresso dei professori di matematica delle scuole 
secondarie, tenuto in Livorno nei giorni 17-22 agosto 1901 ad 
iniziativa dell’associazione Mathesis. Livorno, 1902. 8vo. 


200 pp- Fr. 6.00 
Baitey (M. A.). High school algebra. New York, American Book 
Company, [1902]. 16mo. 297 pp. Half leather. $0.90 


Barpey (E.). Arithmetische Aufgaben nebst Lehrbuch der Arith- 
metik, vorzugsweise fiir Realschulen, héhere Biirgerschulen und 
verwandte Anstalten, neu bearbeitet und mit einer Logarith- 
mentafel versehen von H. Hartenstein. 4te Auflage. Leipzig, 
Teubner, 1902. 8vo. 4-+ 202 pp. Boards. M. 2.00 


——. Aufgabensammlung, methodisch geordnet, mehr als 8000 
Aufgaben enthaltend, tiber alle Teile der Elementar-Arithmetik, 
vorzugsweise fiir Gymnasien, Realgymnasien und Oberreal- 
schulen, sowie fiir Seminare und Priparanden-Anstalten. In 
alter und neuer Ausgabe. Neue Ausgabe, nach der 26sten Auf- 
lage bearbeitet von F. Pietzker und O. Presler. 2te Auflage. 
Leipzig, Teubner, 1902. 8vo. 8+ 395 pp. Cloth. M. 3.20 
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Baverreiss (H.). Ferienaufgaben aus der Planimetrie; zur Nach- 
hiilfe und als Uebungsstoff gegeben, nebst Anleitung zur Lésung. 
Wiirzburg, Stahel, 1902. 12mo. 4+ 70 pp. Boards. (Stahel’s 
Sammlung von Priifungsaufgaben etc., No. 12.) M. 1.00 


BeavuvisaGe (G.). La méthode d’observation fondée sur l’arith- 
métique et la géométrie concrétes. 2e édition. Paris, Alcan, 
1902. 8vo. 144 pp. Fr. 2.00 


BorpAce (E.). Sur la possibilité d’édifier la géométrie euclidienne 
sans le postulatum d’Euclide. St. Denis (ile de la Réunion), 
1902. 


Bork (H.) und Poske (F.). MHauptsitze der Arithmetik fiir die 
Unter- und Mittelklassen héherer Lehranstalten. 4te Auflage. 
Berlin, Rockenstein, 1902. 8vo. 40 pp. Boards. M. 0.80 


Briecs (W.). First stage mathematics; the algebra and Euclid 
required, together with the arithmetic questions for the last 
twenty years. London, Clive, 1902. 12mo. 194 pp. (Org. 
science series.) Cloth. 2s. 


Brooks (E.). The normal elementary algebra. Part I: contain- 
ing the first principles of the science. Revised edition. Phil- 
adelphia, Christopher Sower Company, [1901]. 12mo. Cloth. 

$0.83 

BuRCKHARDT (M.). See Zetszic (E.). 


Buscn (F.). See F£aux (B.). 


Daix (A.). Arithmétique théorique et pratique; notions usuelles 
de comptabilité, d’algébre et de géométrie. Ouvrage répondant 
aux programmes officiels des écoles primaires élémentaires et 
supérieures, des écoles normales d’instituteurs et d’institutrices, 
des lycées et colléges et des brevets de capacité. Paris, Garnier, 
1902. 18mo. 12+ 739 pp. (Cours supérieur.) 


DickneTHER (F.). Lehrbuch der Arithmetik, nebst Uebungsauf- 
gaben, fiir Mittelschulen. Teil 1. Miinchen, Lindauer, 1902. 
8vo. 8+ 136 pp. M. 1.60 


Diesener (H.). Die ebene Geometrie. Praktisches Unterrichtsbuch 
zur leichten Erlernung der Planimetrie. Mit einer grossen 
Zahl vollstandig ausgerechneter Beispiele und Uebungsaufgaben 
bearbeitet fiir den Selbstunterricht und zum Gebrauche an 
Baugewerkschulen und Fortbildungsschulen. 4te, verbesserte 
Auflage. Halle, Hofstetter, 1902. 8vo. 3+ 140 pp. M. 2.70 


Dupuis (J.). Tables de logarithmes a cing décimales. 26e édition. 


Paris, Hachette, 1902. 16mo. 4-+ 230 pp. Fr. 2.00 
Escripano y HERNANDEZ (G.). Nociones de geometria. Madrid, 
Aguado, 1902. 8vo. 64 pp. Fr. 0.50 


Féaux (B.). Rechenbuch nebst einer Anleitung fiir den vorbe- 
reitenden Unterricht in der Geometrie fiir héhere Lehranstalten. 
10te, auf Grund der neuen Lehrpline verbesserte und erweiterte 
Auflage, besorgt durch F. Busch. Paderborn, Schéningh, 1902. 
8vo. 4-+ 232 pp. M. 1.60 


Fecuner (H.). Aufgaben fiir den Unterricht in der Buchstaben- 
rechnung (Algebra). 4te, giinzlich umgearbeitete und stark 
vermehrte Auflage. Berlin, Schultze, 1902. 8vo. oT? i. 
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Fittine (F.). Ein Anordnungsprobl (Progr.) M.-Gladbach, 
1902. 8vo. 15 pp. 


Gomis (C.). Nociones de geometria plana y del espacio. ~~ 
lona, Tasso, 1901. 8vo. 110 pp. Boards. Fr. 1.00 


HALLER vON HALLERSTEIN (F.). Lehrbuch der Elementar-Mathe- 
matik. Fiir die Portepeefihnrichs-Priifung in der kénigl. preu- 
ssischen Armee und die Priifung zum Eintritt in die kais. 
Marine bearbeitet. llte Auflage, herausgegeben und fiir den 
Gebrauch in der Prima der Gymnasien und Realgymnasien er- 
weitert von B. Hiilsen. Teil I: Arithmetik. Berlin, Nauck, 
1902. 8vo. 8-+ 411 pp. Cloth. M. 5.60 


HARTENSTEIN (H.). See Barpey (E.). 


Heiter (T.). Lehrbuch der Arithmetik 
Teil I. Kempten, Késel, 1902. 8vo. 4+ 12 M. 1.00 


HickMANN (R.). Wertvolle Kunstgriffe und ihe beim Schnell- 
rechnen. Lehrbuch aller praktischen Abkiirzungsmethoden zunt 
raschen und bequemen Bewiltigen grosser Zahlen. Mit Anha 
Zahlen-Kunststiicke und arithmetische Geheimnisse. Leigulg, 
Schliffel, 1902. 8vo. 47 pp. M. 1.00 


Hippaux (H.). Die a und Quadratur des Kreises. Bres- 
lau, 1901. 8vo. 26 pp., 2 plates. M. 3.00 


Hocu (J.). Das wichtigste aus der Geometrie. II: Leitfaden der 
riumlichen Geometrie fiir Gewerbetreibende und gewerbliche 
Schulen; mit Riicksicht auf die praktische Anwendung im 
gewerblichen und technischen Leben bearbeitet. Leipzig, Kla- 
sing, 1902. 8vo. 7+ 54 pp. Cloth. (L. Huberti’s praktische 
gewerbliche Bibliothek.) M. 1.80 


HotzMtLiter (G.). Elemente der Steréometrie. Teil 3: Die Un- 
tersuchung und Konstruktion schwierigerer Raumgebilde; 
Guldinsche Drehungskérper und Drehungsflichen mit ihren Ver- 
allgemeinerungen; Schraubenfliichen, Kéhrenflichen und ihre 
Verallgemeinerungen, _nebst ihren Inversionsverwandten ; 
Kriimmungslinien und isothermische Kurvenscharen auf diesen 
Flichen; konforme Abbildungen. Leipzig, Géschen, 1902. 8vo. 
12 + 333 pp. M. 9.00 

Hiitsen (B.). See HALLER VON HALLERSTEIN (F.). 


Hupre (A.). See Mitrer (H.). 


Isoz Guarpia (A.). Tablas de logaritmos, con cuatro cifras deci- 
males, y otras de frecuente uso, dispuestas para los alumnos de 
los institutos y téenicos. 2a edicién. Madrid, Avrial, 

1902. 8vo. 67 pp. 


a. (8). waits de trigonométrie rectiligne, avec de nombreux 
exercices. 7e édition, répondant aux nouveaux programmes. 
Paris, Poussielgue, [1902.] l16mo. 8+ 256 pp. (Cours de 
mathématiques élémentaires.) 

Jacquet (E.) et Lacter (A.). Solutions raisonnées des exercices 
et des problémes contenus dans |’ “ Arithmétique du brevet 
élémentaire.” Paris, Nathan, [1902]. 12mo. 319 pp. 


JONES (S. I.). Mathematical puzzles. A collection of the most 
amusing properties of numbers, and many of the most difficult 
mathematica with their answers. Denton, 


News Print, [1902]. 16mo. 76 pp. 
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Juet (C.). Ren og anvendt aritmetik. Kjébenhavn, 1902. 8vo. 


154 pp. 2kr. 5056. 
Kaver (R.). Die trigonometrische Aufgabe in Unter-Sekunda. 
Erfurt, 1902. Svo. 20 pp. M. 1.40 


Ketter (O.). Die Mathematik. II. Planimetrie, Stereometrie, 
darstellende Geometrie und Schattenlehre. 4te, vollstindig 
neu bearbeitete Auflage. Leipzig, Voigt, 1902. 8vo. 6+ 48 
pp-, 26 plates. Cloth. (O. Keller’s Unterrichtsbiicher fiir das 
gesamte Baugewerbe; fiir Praxis, Selbstunterricht und Schulge- 
brauch. II.) M. 3.00 


Kroman (K.). Fireifrde logaritmer og antilogaritmer. Kjében- 
havn 1902. 8vo. 6 pp. M. 0.50 


Laciter (A.). See JAcQueT (E.). 


Lazzerr (G.) e Pesci (G.). Complementi d’algebra per l’ammis- 
sione alla r. Accademia navale. Livorno, 1902. 8vo. 7-+ 128 
pp- Fr. 3.50 


Lencaver (J.). Die Grundlehren der ebenen Trigonometrie. Ein 
Leitfaden fiir den Unterricht mit Uebungsaufgaben. 2te, ver- 
mehrte und verbesserte Auflage. Kempten, Késel, 1901. 8vo. 
4+ 58 pp. M. 0.90 


Lesser (O.). Hilfsbuch fiir den geometrischen Unterricht an 
héheren Lehranstalten. Berlin, Salle, 1902. 8vo. 9+ 189 
PpP- M. 2.00 


MacnasB (J.). Trigonometry simplified. Solution of plane and 
spherical triangles, and application of same to various problems 
in navigation and nautical astronomy, including great circle 
sailing, with chart construction and mensuration of surfaces, 
solids, and spaces. New enlarged edition. London, Philip, 
1902. 8vo. 60 pp. Cloth. 2s. 6d. 


Marks (C. 1L.). Mathematical questions and solutions from the 
Educational Times. New series. Vol. I. London, Hodgson, 
1902. 8vo. Cloth. 6s. 


MarsHALL (T. W.). Logarithmic tables of the measures of length, 
extending from 0 to 50 feet, at intervals of one-sixteenth of an 
inch. New York, Van Nostrand, 1902. 12mo. Cloth. $2.00 


Mittier (H.). Die Mathematik auf den Gymnasien und Real- 
schulen; fiir den Unterricht dargestellt. Teil 2: Die Oberstufe 
(Lehraufgabe der Klassen Ober-Sekunda und -Prima). Aus- 
gabe A: fiir Gymnasien. 2te Auflage. Leipzig, Teubner, 1902. 
8vo. 12+ 311 pp. Cloth. (H. Miiller’s Mathematisches 
Unterrichtswerk. ) M. 3.40 


——. Ausgabe B: fiir reale Anstalten und Reformschulen, unter 
Mitwirkung von A. Hupe. Teil 2: Die Oberstufe (Lehraufgabe 
der Klassen Ober-Sekunda und Prima). Abteilung I: Plani- 
metrie, Algebra, Trigonometrie und Stereometrie. 2te Auflage. 
Leipzig, Teubner, 1902. 8vo. 8+ 223 pp. Cloth. M. 2.80 
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Néu (M.). Leitfaden und Aufgab 1 fiir praktisches 
Maschinenrechnen, nebst Einféhrung in die Algebra oder Buch- 
ne. Diisseldorf, Biideker, 1902. 8vo. 8 + 283 pp. 

M. 4.50 


Orteca y Sata (M.). Trigonometria. Obra de texto en las escuelas 
de ingenieros de minas é ingenieros industriales, y en otros 
eentros de ensefianza. 2a edicién. Madrid, Hernando, 1902. 
4to. 239 pp. 


Orto (A.). Ein Problem der Rechenkunst. Allgemeines Verfahren 
zur Bildung und Auflésung von Gleichungen mit einer Unbe- 
kannten. (Beliebiger Grad und jede Form.) 3te Auflage. 
Diisseldorf und Leipzig, Maier, 1902. 8vo. 56 pp. M. 0.50 


PaRINET (F.). Eléments d’alg@bre, accompagnés d’exercices et de 
problémes résolus et a résoudre. 6e édition. Paris, Poussielgue, 
1902. 18mo. 182 pp. (Alliance des maisons d’éducation 
chrétienne. ) 


PERSIANI (O.). Elementi di geometria compilati secondo gli ultimi 
programmi. Vol. I: ad uso della quarta ginnasiale. Vol. II: 
ad uso della quinta ginnasiale. Roma, Cuggiani, 1902. 8vo. 
157 pp. Fr. 1.50 


Pesct (G.). See Lazzert (G.). 
PIETZKER (F.). See Barney (E.). 
(W.). See Steck (F. X.). 
Poske (F.). See Bork (H.). 
Prester (O.). See Barvey (E.) 


Roeper (H.). Trigonometrische und stereometrische Lehraufgabe 
der Unter-Sekunda (Prima der Realschulen). Sonderabdruck 
aus der Umarbeitung der Kamblyschen Planimetrie. 3te, ver- 
mehrte Auflage. Breslau, Hirt, 1902. 8vo. 52 pp. M. 0.60 


(C.). Vierstellige logarithmisch-trigonometrische Tafeln, 
nebst einigen physikalischen und astronomischen Tafeln, fiir 
den Gebrauch an héheren Schulen zusammengestellt. 3te Auflage. 
Gotha, Thienemann, 1902. 8vo. 36 pp. Boards. M. 0.80 


Scutike (A.). Aufgabensammlung aus der Arithmetik, Geometrie, 
Trigonometrie und Stereometrie, nebst Anwendungen auf Astro- 
nomie, Feldmessung, Nautik, Physik, Technik, Volkwirtschafts- 
lehre, fiir die oberen Klassen "hoherer Schulen. Leipzig, Teubner, 
1902. 8vo. 10+ 193 pp. Cloth. M. 2.20 


——. Ergebnisse zu der Aufgaben-Sammlung. Leipzig, Teubner, 
1902. 8vo. 96 pp. M. 1.60 


Scuvuttz (E.). Vierstellige Logarithmen der gewéhnlichen Zahlen 
und der Winkelfunktionen und andere mathematische Tafeln 
nebst den erforderlichen physikalischen Hilfstafeln zum Gebrauche 
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an den héheren Schulen. Essen, Baedeker, 1902.  8vo. 
6+ 112 pp. Boards. M. 1.50 


(K.). Sammlung von Aufgaben aus der Arithmetik 
fiir hohere Lehranstalten. Iter Lehrgang. 2te, verbesserte 
Auflage. Freiburg i. B., Herder, 1902: 8vo. 7 rN 59 pp. 

M. 0.80 


SerreT (J. A.).. Trigonometry. Russian translation of the 8th 
French edition by W. Wréblewski. ‘St. Petersburg. 1902. 8vo. 
320 pp. M. 4.00 


SuHaposunikov (N.). Plane trigonometry, with a collection of 
trigonometric problems. Moscow, 1901. 8vo. 122 pp. (Rus- 
sian.) M. 2.00 


Sievert (H.). Lehrbuch der Elementar-Geometrie zum Gebrauche 
an Mittelschulen und beim Selbstunterricht. Teil 1, Abteilung 
1: Kongruenz, Gleichheit und Aehnlichkeit ebener Figuren. 
6+ 176 pp. Teil II: Ebene Trigonometrie; die Winkelfunk- 
tionen und die Berechnung ebener Dreiecke. 5+ 54 pp. Teil 
lI, Abteilung 1: Geometrie des Raumes; Lagenbeziehungen 
riiumlicher Gebilde; Eigenschaften der einfachen Kérper, Ober- 
fliiche und Rauminhalt derselben. 6 +90 pp. Leipzig, —s 
1902. 8yvo. 5.30 


Srson (P.). Guide méthodique de résolution des problémes de 
géométrie ¢lémentaire. 2e édition, revue et corrigée. Paris, 
Belin, 1902. 12mo. 272 pp. 


Steck (F. X.) und Vietmayr (J.). Lehrbuch der Arithmetik mit 
zahlreichen Uebungsaufgaben fiir Latein- und Realschulen, ney 
herausgegeben von W. Pézl. 2 Teile. 12te Auflage. Kempten, 
Késel, 1902. 8vo. 7+ 100 and 4+ 98 pp. Cloth. M. 2.00 


Tuieme (H.). Leitfaden der Mathematik fiir Realanstalten. Teil 
I: Die Unterstufe. Leipzig, Freytag, 1902. 8vo. 6+ ig pp- 
Cloth. . 1.60 


Vaes (F. J.). Ontbinding in faktoren. Amsterdam, 1902. 8vo. 
64 pp., 1 plate. M. 2.00 


Vietmayre (J.). See Steck (F. X.). 


VinoGrapov (A.). Systematic course in algebra for use in schools 
and for self instruction. Vladimir, 1902. 8vo. 296 pp. (Rus- 
sian.) M. 2.50 


Vinot (J.). Récréations mathématiques; questions curieuses et 
utiles, extraites des auteurs anciens et modernes. 5e édition. 
Paris, Larousse [1902]. 8vo. 8+ 215 pp. Fr. 3.00 


VoLiprRecHT (H.). Das Rechnen, eine Vorbereitung zur allgemeinen 
Arithmetik; Regeln und Formen des Rechnens, Vergleiche mit 
der allgemeinen Arithmetik und Hinweise auf Geometrie und 
Physik; fiir Lehrer und Schiiler der mittleren und unteren 
Klassen der héheren Lehranstalten (Gymnasien, Realgymnasien, 
Oberrealschulen, Realschulen, Seminare, technischen Schulen 
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u. 8. w.), der Progymnasien und Vorbereitungsschulen zusam- 
mengestellt. Leipzig, Teubner, 1902. 8vo. 4+ 44 pp. M. 0.50 


Vose (G. L.). A graphie method for solving certain questions in 
arithmetic or algebra. 2d edition. New York, Van Nostrand, 
1902. 24mo. 3+ 62 pp. Boards. $0.50 


Wareny (C.). Tratado de trigonometria plana. Valparaiso, Gil- 
let, 1901. 8vo. 276 pp. 


WentTWworTH (G. A.). A college algebra. Revised edition. Boston, 
Ginn, 1902. 12mo. 6-+ 530 pp. Half morocco. $1.65 


Wuire (E. E.). Grammar school algebra; an introduction to 
“ Algebra for beginners.” New century edition. New York, 
American Book Company, [1902]. 16mo. 96 pp. Cloth. 

$0. 


WIENECKE (E.). Ebene Trigonometrie mit reichem Aufgabenmate- 
riai nebst Liésungen, zum Gebrauche an gewerblichen Fort- 
bildungsanstalten und Seminaren. Berlin, Winckelmann, 1902. 
8vo. 3+ 71 pp. M. 1.00 


Wiis (H. G.). Algebra. Parts 1 and 2. London, Rivingtons, 
1902. Cloth. 6d. 


ZavaGNA (E.). Uso speciale delle cifre per rappresentare un dato 
numero. Cividale, Strazzolini, 1902. 8vo. 13 pp. 


Zeiszig (E.) und BurcxHarpt (M.). Aufgabenheft fiir Formen- 
kunde (Raumlehre, Geometrie). Heft 2: Krummflichige Kér- 
performen und krummlinige Flichen. Langensalza, Beyer, 
1902. 8vo. 52 pp. M. 0.40 


APPLIED MATHEMATICS. 
Aspe (C.). The physical basis of long-range weather forecasts. 
Washington, 1901. 4to. 10 pp. (Monthly Weather Review, 
December, 1901.) 


Agricota (H.). Die thermoelektromotorische Kraft des Quecksil- 
bers und einiger sehr verdiinnter Amalgame in ihrer Abhingig- 
keit von Druck und Temperatur. (Diss.) Erlangen, 1902. 
8vo. 27 pp. 


AtsricH (C.). Die Lehre von der Bewegung fester Kérper. Ein 


Unterrichtsgang auf. historischer Grun Hermannstadt, 
Krafft, 1902. 8vo. 69 pp. Boards. M. 0.43 
Anpoyer (H.). Théorie de la lune. Paris, Naud, 1902. 12mo. 
Half leather. (Scientia, No. 17.) Fr. 2.00 


ApPELL (P.). Traité de mécanique rationnelle (cours de mécanique 
de la Faculté des sciences de Paris). 2e édition, entitrement 
refondue. Vol. I: Statique; dynamique du point. Paris, 
Gauthier-Villars, 1902. 8vo. 9 -+ 602 pp. Fr. 18.00 


Arnotp (E.). Die Gleichstrommaschine; Theorie, Konstruktion, 
Berechnung, Untersuchung und Arbeitsweise derselben. Band 
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1: Die Theorie der Gleichstr hine. Berlin, Spri 
1902. 8vo. 16+ 535 pp. Cloth. M. 16.00 


Barséra (M.). L’etere e la materia ponderabile; teoria meccanica 
dei principali fenomeni fisici. Torino, Bertolero, 1902. 8vo. 


7 + 133 pp. 
BatTe.xi (A.e F.). Trattato di misure e ricerche elettriche. Roma, 
1902. 8vo. 34+ 1210 pp. Fr. 22.00 


BiceLow (F.H.). Eclipse meteorology and allied problems. Wash- 
ington, 1902. 4to. 166 pp., 19 plates. (U. 8. Department of 
Agriculture, Weather Bureau, Bulletin 1.) $0.50 


——. Line integrals in the atmosphere. Washington, 1900. 4to. 
3 pp. (Monthly Weather Review, December, 1900.) 


BJERKNES (V.). The dynamic principle of circulatory movements 
in the atmosphere. Washington, 1900. 4to. 10 pp. (Monthly 
Weather Review, October, 1900.) 


——. The circulatory movements in the atmosphere. Washington, 
1900. 4to. 4pp. (Monthly Weather Review, December, 1900.) 


Bouvier (E.). La méthode mathématique en économie politique. 
Paris, 1902. 8vo. Fr. 5.00 


Bracstap (O.8.). Beitrag zur Theorie und Untersuchung von mehr- 
phasigen Asynchronmotoren. Stuttgart, Enke, 1902. 8vo. 


3+ 104 pp. (Sammlung elektrotechnischer Vortriige, heraus- 
gegeben von E. Voit, Vol. III. Heft 8 and 9.) M. 2.40 


CALLANDREAU (O.). Apercu des méthodes pour la détermination des 
orbites des cométes et des planétes. Paris, Gauthier-Villars, 
1902. 4to. 135 pp. Fr. 5.00 


Cattou (L.). Cours de construction du navire. Paris, Challamel, 
1902. 8vo. Vol. I: 632 pp. Vol. Il: 687 pp. (Ecole d’appli- 
cation du génie maritime.) 


CarvaLLo (E.). Lrélectricité déduite de l’expérience et ramenée 
au principe des travaux virtuels. Paris, Naud, 1902. 12mo. 
91 pp. Half leather. (Scientia, série physico-mathématique, 
No. 19.) Fr. 2.00 


Crurto (M.). Sulla stabilita dell’equilibrio dei galleggianti. Geno- 
va, Istituto dei Sordomuti, 1902. 8vo. 47 pp. 


Coppineton (E.). Die Bestimmung der Bahn eines kleinen Plane- 
ten aus vier Beobachtungen. (Diss.) Berlin, Mayer & Miiller, 
1902. 4to. 65 pp., 1 plate. M. 3.00 


Cottet (A.). Traité théorique et pratique de la régulation et de la 
compensation des compas avec ou sans relévements. 2e édition, 
revue et augmentée. Paris, 1902. 8vo. Fr. 10.50 


Curtiss (R. H.) and Dat (C.G.). Preliminary elements of comet 
1900 III. Sacramento, 1902. 4to. (Publications of the Lick 
Observatory 7, pp. 39-45.) 
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Dati (C. G.). See Curtiss (R. H.). 


Darwin (G. H.). Ebbe und Flut, sowie verwandte Erscheinungen 
im Sonnensystem. Autorisierte deutsche Ausgabe nach der 
2ten englischen Auflage von A. Pockels. Mit einem Einfiih- 
rungswort von G. von Neumayer. Leipzig, Teubner, 1902. 
16mo. 22+ 344 pp. Cloth. M. 6.80 


DECHEVRENS (M.). Méthode simplifieé dite des facteurs pour le 
ealeul des séries de Fourier et de Bessel appliquées a la mé- 
téorologie. Note complémentaire. Paris, Gauthier-Villars, 
1899-1900. S8vo. With plates. Fr. 3.00 


—. Les variations passagéres de la température causes ou effets 
des tourbillons atmosphériques. Paris, Gauthier-Villars, 1902. 
8vo. Fr. 0.50 


—. See Porron. 


Detaunay (N.). Treatise on theoretical mechanics. St. Peters- 
burg, 1902. S8vo. 432 pp. (Russian.) M. 10.00 


Dircxs (H.). Mathematische Untersuchungen iiber Trajectorien 
von Lichtstrahlen durch Medien von variabler optischer Dichte. 
(Diss.) Rostock, 1900. 8ve. 47 pp. 


Du Bois (A. J.). The mechanics of engineering. Vol. II: The 
stresses in framed structures. 12th revised edition. New York, 
Wiley, 1902. 4to. 23+ 609 pp. Cloth. $1 0.00 


Dunem (P.). Les théories électriques de J. C. Maxwell. Etude 
historique et critique. Paris, Hermann, 1902. 8vo. 325 pp. 


Fr. 8.00 
Expert (H.). See HEINKE (C.). 


ENCYKLOPADIE der mathematischen Wissenschaften mit Einschluss 
ihrer Anwendungen. Herausgegeben im Auftrage der Akade- 
mien der Wissenschaften zu Miinchen und Wien und der Gesell- 
schaft der Wissenschaften zu GOttingen, sowie unter Mitwir- 
kung zahlreicher Fachgenossen. (In 7 Banden.) Vol. IV: 
Mechanik, redigiert von F. Klein. (In 2 Teilen.) Teil 1. 
Heft 2: H. E. Timerding, Geometrische Grundlegung der 
Mechanik eines starren Kérpers; A. Schoenflies, Kinematik. 
Mit einem Zusatz von M. Griibler. Leipzig, Teubner, 1902. 
8vo. Pp. 123-278. 


Enssiin (M.). Mehrmals gelagerte Kurbelwellen mit einfacher und 
doppelter Krépfung; ihre Forminderung und Anstrengung. 
(Diss.) Stuttgart, Bergstriisser, 1902. 4to. 154 pp. M. 6.00 

Ewine (J. A.). See Musiz (A.). 


Freycinet (C. pe). Sur les principes de la mécanique rationnelle. 
Paris, Gauthier-Villars, 1902. 8vo. 8+ 170 pp. Fr. 4.00 


GENovINO (G.). Le attrazioni del sole e della luna sul rigonfiamento 
equatoriale della terra e la precessione degli equinozi e la 
nutazione dell’asse terrestre che esse producono. Firenze, Landi, 
1902. 8vo. 24 pp. 
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——. Metodo per determinare la latitudine conoscendo l’intervallo 
di tempo trascorso fra gli istanti in cui due stelle passano per 
uno stesso verticale. Bari, Laterza, 1902. 8vo. 12 pp. 


——. Teoria generale del metodo di determinare simultaneamente 
le coordinate rettilinee e geografiche di un punto terrestre 
mediante osservazioni astronomiche. Genova, Bacigalupi, 1902. 
8vo. 20 pp. 


GrisLer (M.). See EncyKLOPADIE. 


Grusic (S. D.). Das Wesen der Anziehung und Abstossung; qs 
these. Berlin, Peters, 1902. 8vo. 36 pp. M. 


HaeEDICKE (J.). Die Lisung des Riitsels von der Schwerkraft durch 
die Versuche von Huyghens. Ein Beitrag zur wissenschaftlichen 
Weltanschauung. Leipzig, Barth, 1902. 8vo. 48 pp. M. 1.60 


——. Der Angriffspunkt des Auftriebs. Essen, Baedeker, 1902. 
8vo. 60 pp., 2 plates. M. 2.00 


HamMeErR (E.). Der logarithmische Rechenschieber und sein Ge- 
brauch. Eine elementare Anleitung zur Verwendung des Instru- 
ments fiir Studierende und Praktiker. 2te, durchgesehene Auf- 
lage. Stuttgart, Metzler, 1902. 8vo. 8+ 69 pp. M. 0.50 


Heinke (C.) und Espert (H.). Die Elektrophysik und die Theorie 
des Elektromagnetismus. Abteilung 1: Die Entwickelung der 
Elektrophysik; die Hiilfsvorstellungen der Elektrophysik; elek- 
trische Spannungserregung und dielektrische Erscheinungen. 
Bearbeitet von C. Heinke. Leipzig, Hirzel, 1902. 8vo. 14 + 408 
pp. Cloth. (Handbuch der Elektrotechnik, herausgegeben von 
C. Heinke, Vol. I.) M. 18.00 


Hetmuoitz (H. von). Vorlesungen iiber theoretische Physik. 
Herausgegeben von A. Kénig, O. Krigar-Menzel, F. Richarz, 
C. Runge. Vol. II: Dynamik continuirlich verbreiteter Massen. 
Herausgegeben von QO. Krigar-Menzel. Leipzig, Barth, 1902. 
8vo. 8 + 247 pp. M. 12.00 


Hertzer (H.). Zehn Aufgaben fiir Parallelperspektive und parallel- 
perspektivische Schattenkonstruktion. Berlin, Seydel, 1902. 
8vo. 6 pp., 11 plates. M. 0.75 


Hiippranpsson (H.) et TeISSERENC DE Bort (L.). L2s bases de 
la météorologie dynamique. Historique. Etat de nos connais- 
sances. (En 2 volumes.) 5e livraison: Formes et trajectoires 
des minima et des maxima barométriques. (Cyclones de la 
zone tropicale. Zones tempérées. _Anticyclones. ) Recherches 
empiriques sur la formation des minima et des maxima baro- 
métriques. Paris, Gauthier-Villars, 1901. 8vo. With . plates. 

rT. 2.50 


Hirscuer (J.). Untersuchungen zur geschichtlichen Entwickelung 
der Logik in den Prinzipien der Mechanik. Ziirich, 1901. 8vo. 
87 pp. M. 3.00 


Hope (A. M.). See Leuscuner (A. U.). 
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Huser (P.). WKatechismus der Mechanik. 7te Auflage, den Fort- 
schritten der Technik entsprechend neu bearbeitet von W. 
Lange. Leipzig, Weber, 1902. 12mo. 14+ 269 pp. Cloth. 
(Weber’s illustrirte Katechismen, No. 70.) 


JourNnfe. Tir des fusils de chasses. 2e édition, a re- 
fondue. Paris, Gauthier-Villars, 1902. 8vo. 6+ 3 pp- 
Fr. 12.00 


Kesster (J.). Berechnung und Konstruktion der Turbinen. Eine 
kuragefasste Theorie in elementarer Darstellung mit erlaiutern- 
den Rech 3te, vermehrte und _ verbesserte 
Auflage. ‘Hildburghausen, Pezoldt, 1902. 8vo. 3+ 52 pp. 

M. 1. 


(F.). See EncyKLOPADIE. 
K6nic (W.). See Lommet (E. von). 


Kramer (J.). Die geniherte absolute des Planeten 
Hecuba. (Diss.) Berlin, 1902. 4to. 40 pp. M. 


(0.). See Hetmuortz (H. von). 


*Kisier (J.). Die Theorie der Knick-Elastizitit und -Festigkeit. 
Leipzig, Teubner, 1902. 8vo. 29 pp., 1 plate. M. 1.50 


Lance (W.). See Huser (P.). 


Lanctey (S. P.). Experiments in aerodynamics. 2d edition. 
Washington, Smithsonian Institution, 1902. Folio, 3+ 115 
(Smithsonian contributions to knowledge, No. 201.) Cloth. 

$1.00 


LeuscHNER (A. O.). A short method of determining orbits from 
three observations. Sacramento, 1902. 4to. (Publications of 
the Lick Observatory, Vol. 7, pp. 1-20. 


LEUSCHNER (A. O.) and Hope (A. M.). Elements of asteroid 190 
GA. Sacramento, 1902. 4to. (Publications of the Lick Ob- 
servatory, 7, pp. 21-38.) 


LomMMEL (E. von). Lehrbuch der Experimentalphysik. 8te und 
9te neubearbeitete Auflage, herausgegeben von W. Konig. Leip- 
zig, Barth, 1902. 8vo. 10+ 592 pp., 1 portrait, 1 e's 

. 6.40 

Lorentz (H. A.). Sichtbare und unsichtbare Bewegungen. Vor- 


triige; unter Mitwirkung des Verfassers aus dem Hollindischen 
tibersetzt von G. Siebert. Braunschweig, 1902. 8vo. 123 pP: 
3. 


LuTHER (R.). See Ostwatp (W.). 
McCormack (T. J.). See Macu (E.). 


Maccrecor (J. G.). An treatise on kinematics and dy- 
namics. London and New York, Macmillan, 1902. 12mo. 
pp. Cloth. 10s. 6d. 


Macu (E.). The science of mechanics; a critical and historical ac- es 
count of its development. 2d enlarged edition. Translated by ; 
T. J. McCormack. Chicago, m Court Publishing ony: 
1902. 12mo. 20+ 605 pp. Cloth. 
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Meyer (H.). Ausmessung eines Sternhaufens in der Vulpecula. 
‘Diss.) Breslau, 1902. 4to. 42 pp. 


(J.). Bestimmung der Bahn des Kometen 1897 I. ( Diss.) 
Kiel, 1901. 4to. 24 pp. 


MUrer-Povittet. Lehrbuch der Physik und Meteorologie. 9te, 
umgearbeitete und vermehrte Auflage von L. Pfaundler. (In 3 
Binden.) Vol. I. Braunschweig, Vieweg, 1902. 8vo. 21+ 896 
pp., 13 plates. M. 12.00 


Musrm (A.). Grundlagen der Theorie und des Baues der Wirme- 
kraftmaschinen. Zugleich autorisierte erweiterte deutsche 
Ausgabe der Werkes The steam-engine and other heat-engines 
von J. A. Ewing. Leipzig, Teubner, 1902. 8vo. 10+ 794 pp. 
Cloth. M. 20.00 


NEUMAYER (G. von). See Darwin (G. H.). 


OstwaLp (W.) und LutHer (R.). Hand- und Hiilfsbuch zur Aus- 
fiihrung physiko-chemischer Messungen. 2te Auflage. Leipzig, 
Engelmann, 1902. 8vo. 12+ 492 pp. Cloth. M. 15.00 


Penrose (F.C.). On a method of predicting by graphical construc- 
tion occultations of stars by the moon and solar eclipses for any 
given place, together with more rigorous methods of reduction 
for the accurate calculation of longitude. 2d edition. Lon- 
don, 1902. 4to. Cloth. 12s. 6d. 


PFAUNDLER (L.). See MU 


Pictet (R.). Zur mechanischen Theorie der Explosivstoffe. Wei- 
mar, Steinert, 1902. 8vo. 84 pp. M. 1.60 


Pioncuon (J.). Lecons d’électricité industrielle. Vol. I: Electro- 
statique; magnétisme; électromagnétisme; électrocinétique, 
électrothermie; électrochimie. Grenoble, Gratier, [1902]. S8vo. 
365 pp. (Institut électrotechnique de l’Unversité de Grenoble.) 

Fr. 10.00 

Pockets (A.). See Darwin (G. H.). 


Pockets (F.). The theory of the formation of precipitation on 
mountain slopes. Translated from Annalen der Physik (4) 3, 
pp. 459-480. Washington, 1901. 4to. 8 pp. (Monthly Weather 
Review, April, 1901.) 


Porron. Le campylographe du P. Mare Dechevrens. Etude de 
quelques courbes remarquables tracées avec cet instrument. 
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